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Abstract
In non-relativistic mechanics the center of mass of an isolated system is easily separated out
from the relative variables. For a N-body system these latter are usually described by a set of
Jacobi normal coordinates, based on the clustering of the centers of mass of sub-clusters. The
Jacobi variables are then the starting point for separating orientational variables, connected with
the angular momentum constants of motion, from shape (or vibrational) variables. Jacobi variables,
however, cannot be extended to special relativity. We show by group-theoretical methods that two
new sets of relative variables can be defined in terms of a clustering of the angular momenta of
sub-clusters and directly related to the so-called dynamical body frames and canonical spin bases.
The underlying group-theoretical structure allows a direct extension of such notions from a non-
relativistic to a special-relativistic context if one exploits the rest-frame instant form of dynamics.
The various known definitions of relativistic center of mass are recovered. The separation of
suitable relative variables from the so-called canonical internal center of mass leads to the correct
kinematical framework for the relativistic theory of the orbits for a N-body system with action-at-
a-distance interactions. The rest-frame instant form is also shown to be the correct kinematical
framework for introducing the Dixon multi-poles for closed and open N-body systems, as well as
for continuous systems, exemplified here by the configurations of the Klein-Gordon field that are
compatible with the previous notions of center of mass.
Invited contribution for the book Atomic and Molecular Clusters: New Research (Nova Science).
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I. INTRODUCTION.
In nuclear, atomic and molecular physics, as well as in celestial mechanics, an old basic
problem is to exploit the translational and rotational invariance of a N-body system for
eliminating as many global variables as possible to get a reduced system described by a
well defined set of relative degrees of freedom. In molecular dynamics, for instance, this
reduction is instrumental for the definition of molecular vibrations and rotations. A similar
old problem exists for isolated continuous deformable bodies: in this case the usual Euler
kinematics of rigid bodies in the body frame must be generalized to understand phenomena
like the falling cat and the diver. We suggest to see the review part of Ref.[1] for an essential
selection of the huge bibliography on such issues.
Since most of the applications concerning these problems are typically non-relativistic,
nearly all treatments deal with non-relativistic systems of the kinetic-plus-potential type.
However, developments in particle physics, astrophysics and general relativity suggest to
extend the treatment from the absolute Galilei space plus time to Minkowski space-time
and then to Einstein space-times. Furthermore, the case of the general relativistic N-body
problem, in particular, forces us to simulate the issue of the divergences in the self-energies
with a multipolar expansion. We need, therefore, a translation of every result in the language
of such kind of expansions.
In this article we show a new method for the treatment of relative variables for a many-
body system both non-relativistic and relativistic. Our proposal is based upon a conjunction
of Hamiltonian and group-theoretical methods leading to a systematic generalization, valid
for generic deformable systems, of the standard concept of body frame for rigid systems. We
also show that our procedure constitutes the proper kinematical framework for introducing
multipolar expansions for closed and open systems.
In Newton mechanics isolated systems of N particles possess 3N degrees of freedom in
configuration space and 6N in phase space. The Abelian nature of the overall translational
invariance, with its associated three commuting Noether constants of the motion, makes pos-
sible the decoupling and, therefore, the elimination of either three configurational variables
or three pairs of canonical variables, respectively (separation of the center-of-mass motion).
In this way one is left with either 3N-3 relative coordinates ~ρa or 6N-6 relative phase space
variables ~ρa, ~pa, a = 1, .., N − 1 while the center-of-mass angular momentum or spin is
~S =
∑N−1
a=1 ~ρa × ~pa. Most of the calculations of the non-relativistic theory employ the sets
of 3N − 3 Jacobi normal relative coordinates ~sa (see Ref.[1]) that diagonalize the quadratic
form associated with the relative kinetic energy (the spin becomes ~S =
∑N−1
a=1 ~sa×~πsa, with
~πsa momenta conjugated to the ~sa’s). Each set of Jacobi normal coordinates ~sa orders the
N particles into a hierarchy of clusters, in which each cluster of two or more particles has
a mass given by an eigenvalue (reduced mass) of the quadratic form; the Jacobi normal
coordinates join the centers of mass of cluster pairs.
On the other hand, the non-Abelian nature of the overall rotational invariance entails that
an analogous intrinsic separation of rotational (or orientational) configurational variables
from others which could be called shape or vibrational be impossible. As a matter of fact, this
is one of the main concerns of molecular physics and of advanced mechanics of deformable
bodies. In fact, in the theory of deformable bodies one looses any intrinsic notion of body
frame, which is the fundamental tool for the description of rigid bodies and their associated
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Euler equations. A priori, given any configuration of a non-relativistic continuous body (in
particular a N-body system), any barycentric orthogonal frame could be named body frame
of the system with its associated notion of vibrations.
This state of affairs suggested [1] to replace the kinematically accessible region of the non-
singular configurations [2] in the (3N-3)-dimensional relative configuration space by a SO(3)
principal fiber bundle over a (3N-6)-dimensional base manifold, called shape space. The
SO(3) fiber on each shape configuration carries the orientational variables (e.g. the usual
Euler angles) referred to the chosen body frame. Then, a local cross section of the principal
fiber bundle selects just one orientation of a generic N-body configuration in each fiber
(SO(3) orbit). This is in fact equivalent to a gauge convention namely, after a preliminary
choice of the shape variables, to a possible definition of a body frame (reference orientation).
It turns out that this principal bundle is trivial only for N=3, so that in this case global cross
sections exist, and in particular the identity cross section may be identified with the space
frame. Any global cross section is a copy of the 3-body shape space and its coordinatization
provides a description of the internal vibrational motions associated with the chosen gauge
convention for the reference orientation. For N ≥ 4, however, global cross sections do
not exist [4] and the definition of the reference orientation (body frame) can be given only
locally. This means that the shape space cannot be identified with a (3N-6)-dimensional
sub-manifold of the (3N-3)-dimensional relative configuration space. The gauge convention
about the reference orientation and the consequent individuation of the internal vibrational
degrees of freedom requires the choice of a connection Γ on the SO(3) principal bundle (i.e. a
concept of horizontality), which leads in turn to the introduction of a SO(3) gauge potential
on the base manifold. In this way a natural gauge invariant concept exists of purely rotational
N-body configurations (vertical velocity vector field, i.e. null shape velocities). Clearly, a
gauge fixing is needed in order to select a particular local cross section and the correlated
gauge potential on the shape space. Obviously, physical quantities like the rotational or
vibrational kinetic energies and, in general, any observable feature of the system must be
gauge invariant. On the other hand, in the orientation-shape bundle approach, both the
space frame and the body frame components of the angular velocity are gauge quantities
so that their definition depends upon the gauge convention. See Ref.[1] for a review of the
gauge fixings used in molecular physics’ literature and, in particular, for the virtues of a
special connection C corresponding to the shape configurations with vanishing center-of-
mass angular momentum ~S. The C connection is defined by introducing local cross sections
orthogonal to the fibers with respect to the Riemannian metric dictated by the kinetic
energy.
The orientation-shape approach replaces the usual Euler kinematics of rigid bodies and
implies in general a coupling between the internal shape variables and some of the orienta-
tional degrees of freedom. In Ref.[1] it is interestingly shown that the non-triviality of the
SO(3) principal bundle, when extended to continuous deformable bodies, is the core of the
physical explanation of the falling cat and the diver. A characteristic role of SO(3) gauge
potentials in this case is to generate rotations by changing the shape. This approach is de-
fined in configuration space and leads to momentum-independent shape variables, so that it
can be easily extended to the quantum level (the N-body Schro¨dinger equation). In Ref.[1]
the Hamiltonian formulation of this framework is also given, but no explicit procedure is
worked out for the construction of a canonical Darboux basis for the orientational and shape
variables. See Refs.[1, 3] for the existing sets of shape variables for N = 3, 4 and for the
determination of their physical domain.
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Consider now the description of a N-body system in a special relativistic context. Unlike
the Newtonian case, manifest Lorentz covariance requires the introduction of 4N degrees of
freedom in configuration space and 8N in phase space. In phase space there are N mass-
shell first-class constraints (ǫ p2i −m2i ≈ 0 in the free case [5]). They determine the energies
poi ≈ ±
√
m2i + ~p
2
i and entail that the time variables x
o
i be gauge variables. Such gauge
variables can be replaced by a center-of-mass time (arbitrariness in the choice of the rate of
the center-of-mass clock) and N − 1 relative times (arbitrariness in the synchronization of
the clocks associated to each body). The problem of relative times has been a big obstacle to
the development of relativistic mechanics (see Refs.[6] for the essential bibliography). The
solution of this problem led to the development of parametrized Minkowski theories [6], to
the Wigner-covariant rest-frame instant form of dynamics referred to the intrinsic inertial
rest-frame of the N-body system [6, 7] (see Ref.[8] for Dirac’s forms of the dynamics), and to
the development of generalized radar coordinates for the synchronization of distant clocks
in arbitrary non-inertial frames [9]. A consistent elimination of relative times (i.e. the
choice of a convention for the synchronization of clocks, different in general from Einstein’s
convention), together with a choice of the center-of-mass time, reduce the variables of the
N-body system to the same number as in the non-relativistic case. In special relativity
the rest-frame instant form of dynamics, which corresponds to Einstein’s synchronization
convention due to the inertial nature of the rest-frame, implements the relativistic separation
of the center of mass, so that only 3N − 3 relative coordinates (or 6N − 6 relative phase
space variables) survive in the rest-frame.
As it will be shown, this separation is well defined in the rest frame, which is intrinsically
defined by the Wigner hyper-planes orthogonal to the conserved 4-momentum of the isolated
system. It is important to stress that each such hyperplane is an instantaneous Euclidean
and Wigner-covariant 3-space. This leads to the characterization of two distinct realizations
of the Poincare’ group, referred to an abstract observer sitting outside or inside the Wigner
hyper-planes, namely the external and the internal realization, respectively. Also, we get the
characterization of the relevant notions of relativistic external and internal 4- and 3- centers
of mass, as well as of a final set of canonical relative variables with respect to the internal
canonical 3-center of mass. In absence of interactions, such relative variables are identified
by a canonical transformation, which, unlike the non-relativistic case, is point only in the
momenta. However, in presence of action-at-a-distance interactions among the particles, the
canonical transformation identifying the relative variables becomes interaction-dependent.
In any case the use of the non-interacting internal 3-centers of mass and relative variables
shows that the Wigner hyper-planes constitute the natural framework for the relativistic
theory of orbits. It is also argued that a future relativistic theory of orbits will be a non-
trivial extension of the non-relativistic theory [10], for, in the instant form of relativistic
dynamics, the potentials appear both in the Hamiltonian and in the Lorentz boosts.
An important point is that, as shown in Ref.[11], Jacobi normal coordinates, as well as
notions like reduced masses and inertia tensors, do not survive in special relativity. Some
of such notions can be recovered (and still in a non-unique way) [12] only by replacing the
N-body system with a multi-polar expansion. A different strategy must be consequently
devised already at the non-relativistic level [13].
Due to the presence of the mass-shell first-class constraints, the description of N-body
systems in the rest-frame instant form make use of a special class of canonical transforma-
tions, of the Shanmugadhasan type [14] and [7]. Such transformations are simultaneously
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adapted to: i) the Dirac first-class constraints appearing in the Hamiltonian formulation
of relativistic models (the transformations have the effect that the constraint equations are
replaced by the vanishing of an equal number of new momenta, whose conjugate variables
are the Abelianized gauge variables of the system); and to ii) the time-like Poincare´ orbits
associated with most of their configurations. In the Darboux bases one of the final canonical
variables is the square root of the Poincare´ invariant P 2 (where Pµ is the conserved time-like
four-momentum of the isolated system).
By exploiting the constructive theory of the canonical realizations of Lie groups [15, 16,
17, 18, 19], a new family of canonical transformations was introduced in Ref.[20]. This
family of transformations leads to the definition of the so-called canonical spin bases, in
which also the Pauli-Lubanski Poincare´ invariant W 2 = −P 2~S2T for the time-like Poincare´
orbits becomes one of the final canonical variables (provided the rest-frame Thomas spin
~ST =
∑N−1
a=1
~Sa is different from zero). The essential point is that the construction of the
spin bases exploits the clustering of spins instead of the Jacobi clustering of centers of mass,
which is an ill defined notion at the relativistic level.
Note that, in spite of its genesis in a relativistic context, the technique used in the
determination of the spin bases, related to a typical form [15] of the canonical realizations
of the E(3) group, can be easily adapted to the non-relativistic case, where W 2 is replaced
by the invariant ~S2 of the extended Galilei group. The fact that the traditional Jacobi
clustering of the centers of mass of the sub-clusters is replaced by the clustering of the spins
~Sa, (a = 1, .., N−1) of the sub-clusters, as in the composition of quantum mechanical angular
momenta, is the basic trick that makes the treatment of the non-relativistic N-body problem
directly extendible to the relativistic case. The clustering can be achieved by means of suitable
canonical transformations, which in general are non-point both in the coordinates and the
momenta. This entails that the quantum implementations of such canonical transformations
as unitary transformations be non-trivial. The extension of our formalism to quantum
mechanics remains an open problem.
Our aim at this point the construction of a canonical Darboux basis adapted to the non-
Abelian SO(3) symmetry, both at the non-relativistic and the relativistic level. The three
non-Abelian Noether constants of motion ~S = Sr fˆr (fˆr are the axes of the inertial laboratory
or space frame) are arranged in these canonical Darboux bases as an array containing the
canonical pair S3, β = tg−1 S
2
S1
and the unpaired variable S = |~S| (scheme A of the canonical
realization of SO(3) [16]; the configurations with ~S = 0 are singular and have to be treated
separately). The angle canonically conjugated to S, say α, is an orientational variable,
which, being coupled to the internal shape degrees of freedom, cannot be a constant of
motion. However, being conjugated to a constant of the motion, it is an ignorable variable
in the Hamiltonian formalism, so that its equation of motion can be solved by quadratures
after the solution of the other equations. In conclusion, in this non-Abelian case one has
only two (instead of three as in the Abelian case) commuting constants of motion, namely
S and S3 (like in quantum mechanics). This is also the outcome of the momentum map
canonical reduction [21, 22] by means of adapted coordinates. Let us stress that α, S3, β
are a local coordinatization of any co-adjoint orbit of SO(3) contained in the N-body phase
space. Each co-adjoint orbit is a 3-dimensional embedded sub-manifold and is endowed with
a Poisson structure whose neutral element is α. By fixing non-zero values of the variables S3,
β = tg−1S
2
S1
through second-class constraints, one can define a (6N-8)-dimensional reduced
phase space. The canonical reduction cannot be furthered by eliminating S, just because α is
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not a constant of motion. Yet, the angle α allows us to construct a unit vector Rˆ, orthogonal
to ~S, such that Sˆ, Rˆ, Sˆ× Rˆ (the notationˆmeans unit vector) is an orthonormal frame that
we call spin frame.
The final lacking ingredient for our construction of body frames comes from the group-
theoretical treatment of rigid bodies [22] (Chapter IV, Section 10). Such treatment is based
on the existence of realizations of the (free and transitive) left and right Hamiltonian actions
of the SO(3) rotation group on either the tangent or cotangent bundle over their configura-
tion space. The generators of the left Hamiltonian action [23], which is a symmetry action,
are the above non-Abelian constants of motion S1, S2, S3, [{Sr, Ss} = ǫrsuSu].
At this point let us stress that, in the approach of Ref.[1] the SO(3) principal bundle is
built starting from the relative configuration space and, upon the choice of a body-frame
convention, a gauge-dependent SO(3) right action is introduced. The corresponding task
in our case is the following: taking into account the relative phase space of any isolated
system, we have to find out whether one or more SO(3) right Hamiltonian actions could be
implemented besides the global SO(3) left Hamiltonian action. In other words, we have to
look for solutions Sˇr, r=1,2,3, [with
∑
r(Sˇ
r)2 =
∑
r(S
r)2 = S2], of the partial differential
equations {Sr, Sˇs} = 0, {Sˇr, Sˇs} = −ǫrsuSˇu and then build corresponding left invariant
Hamiltonian vector fields. Alternatively, one may search for the existence of a pair Sˇ3,
γ = tg−1 Sˇ
2
Sˇ1
, of canonical variables satisfying {γ, Sˇ3} = −1, {γ, Sr} = {Sˇ3, Sr} = 0 and
also {γ, α} = {Sˇ3, α} = 0. Local theorems given in Refs.[15, 16] guarantee that this is
always possible provided N ≥ 3. Clearly, the functions Sˇr, which are not constants of the
motion, do not generate symmetry actions. What matters here is that each explicitly given
right action leads to the characterization of the following two structures: i) a dynamical
reference frame (say Nˆ , χˆ, Nˆ × χˆ), that we call dynamical body frame; ii) a canonical spin
basis including both the orientational and the shape variables.
In conclusion, we show that, after the center-of-mass separation, by exploiting the new
notions of dynamical body frames and canonical spin bases, it is possible to build a geo-
metrical and group-theoretical procedure for the common characterization of the rotational
kinematics of non-relativistic and relativistic N-body systems. The two cases are treated in
Sections II and III, respectively.
In the last Subsection of Section III we show that the relativistic separation of the center
of mass, realized by the rest-frame instant form, can be extended to continuous deformable
relativistic isolated systems, namely relativistic field configurations, strings and fluids. The
action principle of such systems can be transformed into a parametrized Minkowski theory on
space-like hyper-surfaces whose embeddings in Minkowski space-time are the gauge variables
connected with the arbitrariness in the choice of the convention for clock synchronization
(namely the choice of the equal-time Cauchy surfaces for the field equations). Then the rest-
frame instant form on Wigner hyper-planes emerges in a natural way also for fields (ADM
canonical metric [24] and tetrad gravity [7] naturally deparametrize to it). All the notions
of external and internal 4- and 3-centers of mass can be extended to field configurations
under the condition that a collective 4-vector [25], canonically conjugate to the configuration
conserved 4-momentum, be definable.
The construction of such a collective variable, with respect to which the energy-
momentum distribution of the configuration itself is peaked, is exemplified for a classical real
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Klein-Gordon field [26]. New features, like an internal time variable, absent in the particle
case, emerge for fields and entail that each constant energy surface of the configuration be a
disjoint union of symplectic manifolds. These results can be extended to relativistic perfect
fluids [27].
The next issue has to do with the simulation of an extended system by means of as
few as possible global parameters, sufficient to maintain an acceptable phenomenological
description of the system. This can be achieved by replacing the extended system with a
multipolar expansion around a world-line describing its mean motion. After many attempts,
a general approach to this problem has been given by Dixon in Ref.[28] for special relativity
and in Ref.[29] (see also Refs.[30, 31]) for general relativity, after a treatment of the non-
relativistic case [29].
With this in view, we show in Section IV that the rest-frame instant-form of the dynamics
is the natural framework (extendible to general relativity [7]) for the formulation of rela-
tivistic multipolar expansions [12] exhibiting a clear identification of the internal canonical
3-center of mass (with associated spin dipole and higher multi-poles) as a preferred center of
motion. Besides a system of N free relativistic particles, we also discuss an open system de-
fined by cluster of n < N charged particles inside an isolated system of N charged particles,
plus the electro-magnetic field in the radiation gauge [6]. Finally, as a prerequisite to the
treatment of relativistic perfect fluids [27], we give some results concerning a configuration of
a classical Klein-Gordon field [26], where the collective variable allows identifying a natural
center of motion together with the associated Dixon multi-poles.
II. THE NON-RELATIVISTIC CANONICAL SPIN BASES AND DYNAMICAL
BODY FRAMES.
Let us consider N free non-relativistic particles of masses mi, i = 1, .., N , described by
the configuration variables ~ηi and by the momenta ~κi. The Hamiltonian H =
∑N
i=1
~κ2i
2mi
is
restricted by the three first-class constraints ~κ+ =
∑N
i=1 ~κi ≈ 0 defining the center-of-mass
or rest frame.
Let us introduce the following family of point canonical transformations (m =
∑N
i=1 mi)
realizing the separation of the center of mass from arbitrary relative variables (for instance
some set of Jacobi normal coordinates)
~ηi
~κi
−→ ~qnr ~ρa
~κ+ ~πa
(2.1)
defined by:
~ηi = ~qnr +
1√
N
N−1∑
a=1
Γai~ρa, ~κi =
mi
m
~κ+ +
√
N
N−1∑
a=1
γai~πa,
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~qnr =
N∑
i=1
mi
m
~ηi, ~κ+ =
N∑
i=1
~κi,
~ρa =
√
N
N∑
i=1
γai~ηi, ~πa =
1√
N
N∑
i=1
Γai~κi, ~S =
N−1∑
a=1
~ρa × ~πa,
Γai = γai −
N∑
k=1
mk
m
γak, γai = Γai − 1
N
N∑
k=1
Γak,
N∑
i=1
γai = 0,
N∑
i=1
mi
m
Γai = 0,
N∑
i=1
γaiγbi = δab,
N∑
i=1
γaiΓbi = δab,
N−1∑
a=1
γaiγaj = δij − 1
N
,
N−1∑
a=1
γaiΓaj = δij − mi
m
. (2.2)
Here, the γai’s and the Γai’s are numerical parameters depending on
1
2
(N−1)(N−2) free
parameters [6].
It can be shown [13] that the relative motion is described by the following Lagrangian
and Hamiltonian
Lrel(t) =
1
2
1..N−1∑
a,b
kab[mi,Γai] ~˙ρa(t) · ~˙ρb(t),
kab[mi,Γci] = kba[mi,Γci] =
1
N
N∑
i=1
miΓaiΓbi,
k−1ab [mi,Γci] = N
N∑
i=1
γaiγbi
mi
,
⇓
~πa(t) =
N−1∑
b=1
kab[mi,Γci] ~˙ρb(t),
⇒ Hrel = 1
2
1..N−1∑
ab
k−1ab [mi,Γai] ~πa(t) · ~πb(t). (2.3)
If we add the gauge fixings ~qnr ≈ 0 and we go to Dirac brackets with respect to the second-
class constraints ~κ+ ≈ 0, ~qnr ≈ 0, we get a (6N-6)-dimensional reduced phase space spanned
by ~ρa, ~πa and with ~S ≡
∑N−1
a=1 ~ρa × ~πa =
∑N−1
a=1
~Sa. At the non-relativistic level [1] the next
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problem of the standard approach for each N is the diagonalization of the matrix kab[mi,Γai].
The off-diagonal terms of the matrix kab[mi,Γai] are called mass polarization terms, while
its eigenvalues are the reduced masses (see for instance Ref.[32]). In this way the Jacobi
normal coordinates ~ρa = ~sa, with conjugate momenta ~πa = ~πsa, are introduced.
In the rest frame the 11 generators of the extended Galilei group (the total mass m is a
central charge) [17] are
m =
N∑
i=1
mi, E =
N∑
i=1
~κ2i
2mi
≈ Hrel, ~κ+ =
N∑
i=1
~κi ≈ 0,
~J =
N∑
i=1
~ηi × ~κi ≈ ~S =
N−1∑
a=1
~Sa =
N−1∑
a=1
~ρa × ~πa,
~K = −
N∑
i=1
mi ~ηi + ~κ+ t ≈ −m~qnr, (2.4)
and the gauge fixings ~qnr ≈ 0 are equivalent to ~K ≈ 0.
Following the strategy delineated in the Introduction, we search for a geometrical and
group-theoretical characterization of further canonical transformations leading to a privi-
leged class of canonical Darboux bases for the N-body. Specifically, they must be adapted
to the SO(3) subgroup [15, 16] of the extended Galilei group and contain one of its invariants,
namely the modulus of the spin:
1) Every such basis must be a scheme B (i.e. a canonical completion of scheme A,
according to the language of Ref.[15, 16, 17, 20]) for the canonical realization of the rotation
group SO(3), viz. it must contain its invariant S and the canonical pair S3, β = tg−1 S
2
S1
.
This entails that, except for α, all the remaining variables in the canonical basis be SO(3)
scalars.
2) The existence of the angle α satisfying {α, S} = 1 and {α, S3} = {α, β} = 0 leads
to the geometrical identification of a unit vector Rˆ orthogonal to ~S and, therefore, of an
orthonormal frame, the spin frame Sˆ, Rˆ, Sˆ × Rˆ.
3) From the equations Rˆ2 = 1 and {~S · Rˆ, Rˆi} = 0 it follows the symplectic result
{Rˆi, Rˆj} = 0. As a byproduct, we get a canonical realization of a Euclidean group E(3) with
generators ~S, Rˆ [{Rˆi, Rˆj} = 0, {Rˆi, Sj} = ǫijkRˆk] and fixed values of its invariants Rˆ2 = 1,
~S · Rˆ = 0 (non-irreducible type 3 realization according to Ref.[20]).
4) In order to implement a SO(3) Hamiltonian right action in analogy with the rigid
body theory [22], we must construct an orthonormal triad or body frame Nˆ , χˆ, Nˆ × χˆ. The
decomposition
~S = Sˇ1χˆ+ Sˇ2Nˆ × χˆ+ Sˇ3Nˆ def= Sˇreˆr, (2.5)
identifies the SO(3) scalar generators Sˇr of the right action provided they satisfy {Sˇr, Sˇs} =
−ǫrsuSˇu. This latter condition together with the obvious requirement that Nˆ , χˆ, Nˆ × χˆ be
SO(3) vectors [{Nˆ r, Ss} = ǫrsuNˆu, {χˆr, Ss} = ǫrsuχˆu, {Nˆ × χˆr, Ss} = ǫrsuNˆ × χˆu] entails
the equations [33]
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{Nˆ r, Nˆ s} = {Nˆ r, χˆs} = {χˆr, χˆs} = 0. (2.6)
Each solution of these equations identifies a couple of canonical realizations of the E(3)
group (non-irreducible, type 2): one with generators ~S, ~N and non-fixed invariants Sˇ3 = ~S ·Nˆ
and | ~N |; another with generators ~S, ~χ and non-fixed invariants Sˇ1 = ~S · χˆ and |~χ|. Such
realizations contain the relevant information for constructing the new canonical pair Sˇ3,
γ = tg−1 Sˇ
2
Sˇ1
of SO(3) scalars. Since {α, Sˇ3} = {α, γ} = 0 must hold, it follows [20] that
the vector Nˆ necessarily belongs to the Sˆ-Rˆ plane. The three canonical pairs S, α, S3, β,
Sˇ3, γ will describe the orientational variables of our Darboux basis, while | ~N | and |~χ| will
belong to the shape variables. For each independent right action [i.e. for each solution Nˆ ,
χˆ of Eqs.(2.6)], we can identify a canonical spin basis containing the above 6 orientational
variables and 6N−12 canonical shape variables. Alternatively, an anholonomic basis can be
constructed by replacing the above six variables by Sˇr (or Sr) and three uniquely determined
Euler angles α˜, β˜, γ˜ (see Ref.[13]). Let us stress that the non-conservation of Sˇr entails that
the dynamical body frame evolves in a way dictated by the equations of motion, just as it
happens in the rigid body case.
We can conclude that the N-body problem has hidden structures leading to the charac-
terization of special dynamical body frames which, being independent of gauge conditions,
are endowed with a direct physical meaning.
A. The 2-body system.
For N = 2, a single E(3) group can be defined: it allows the construction of an orthonor-
mal spin frame Sˆ, Rˆ, Rˆ × Sˆ in terms of the measurable relative coordinates and momenta
of the particles. The relative variables are ~ρ = ~ρ, ~π and the Hamiltonian is Hrel =
~π2
2µ
,
where µ = m1m2
m1+m2
is the reduced mass. The spin is ~S = ~ρ × ~π. Let us define the following
decomposition
~ρ = ρRˆ, ρ =
√
~ρ2, Rˆ =
~ρ
ρ
= ρˆ, Rˆ2 = 1,
~π = π˜Rˆ − S
ρ
Rˆ× Sˆ = π˜ρˆ− S
ρ
ρˆ× Sˆ,
π˜ = ~π · Rˆ = ~π · ρˆ, Sˆ =
~S
S
, Sˆ · Rˆ = 0. (2.7)
As shown in Ref.[20], it is instrumental considering the following non-point canonical
transformation adapted to the SO(3) group, valid when ~S 6= 0
~ρ
~π
−→ α β ρ
S S3 π˜
, α = tg−1
1
S
(
~ρ · ~π − (ρ)
2
ρ3
π3
)
. (2.8)
In the language of Ref.[20], the two pairs of canonical variables α, S, β, S3 form the
irreducible kernel of the scheme A of a (non-irreducible, type 3, ) canonical realization of
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the group E(3), generated by ~S, Rˆ, with fixed values of the invariants Rˆ2 = 1, Rˆ · ~S = 0,
just as the variables S3, β and S form the scheme A of the SO(3) group with invariant S.
Geometrically, we have: i) the angle α is the angle between the plane determined by ~S and
fˆ3 and the plane determined by ~S and Rˆ; ii) the angle β is the angle between the plane ~S
- fˆ3 and the plane fˆ3 - fˆ1. Moreover, S
1 =
√
(S)2 − (S3)2cos β, S2 = √(S)2 − (S3)2sin β,
Rˆ1 = ρˆ1 = sin βsin α − S3
S
cos βcos α, Rˆ2 = ρˆ2 = −cos βsin α − S3
S
sin βcos α, Rˆ3 = ρˆ3 =
1
S
√
(S)2 − (S3)2cos α, α = −tg−1 (Sˆ×Rˆ)3
[Sˆ×(Sˆ×Rˆ)]3
.
In this degenerate case (N=2), the dynamical shape variables ρ, π˜ coincide with the static
ones and describe the vibration of the dipole. The rest-frame Hamiltonian for the relative
motion becomes (Iˇ is the barycentric tensor of inertia of the dipole) Hrel =
1
2
[
Iˇ−1S2 + π˜
2
µ
]
,
Iˇ = µρ2, while the body frame angular velocity is ωˇ = ∂Hrel
∂Sˇ
= Sˇ
Iˇ
.
B. The 3-body system.
For N = 3, where we have ~S = ~S1+ ~S2, a pair of E(3) groups emerge, associated with ~S1
and ~S2, respectively. We have now two unit vectors Rˆa and two E(3) realizations generated
by ~Sa, Rˆa respectively and fixed invariants Rˆ
2
a = 1,
~Sa · Rˆa = 0 (non-irreducible, type 2,
see Ref.[20]). We shall assume ~S 6= 0, because the exceptional SO(3) orbit S = 0 has to be
studied separately by adding S ≈ 0 as a first-class constraint.
For each value of a = 1, 2, we consider the non-point canonical transformation (2.8)
~ρa
~πa
−→ αa βa ρa
Sa S
3
a π˜a
,
~ρa = ρaRˆa, ρa =
√
~ρ2a, Rˆa =
~ρa
ρa
= ρˆa, Rˆ
2
a = 1,
~πa = π˜aRˆa +
Sa
ρa
Sˆa × Rˆa, π˜a = ~πa · Rˆa. (2.9)
In this case, besides the orthonormal spin frame, an orthonormal dynamical body frame
Nˆ , χˆ, Nˆ × χˆ, i.e. a SO(3) Hamiltonian right action, can be defined. The simplest choice,
within the existing arbitrariness [34], for the orthonormal vectors ~N and ~χ functions only of
the relative coordinates is
~N =
1
2
(Rˆ1 + Rˆ2) =
1
2
(ρˆ1 + ρˆ2), Nˆ =
~N
| ~N | , |
~N | =
√
1 + ρˆ1 · ρˆ2
2
,
~χ =
1
2
(Rˆ1 − Rˆ2) = 1
2
(ρˆ1 − ρˆ2), χˆ = ~χ|~χ| , |~χ| =
√
1− ρˆ1 · ρˆ2
2
=
√
1− ~N2,
~N × ~χ = −1
2
ρˆ1 × ρˆ2, | ~N × ~χ| = | ~N ||~χ| = 1
2
√
1− (ρˆ1 · ρˆ2)2, ~N · ~χ = 0. (2.10)
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As said above, (Eq.(2.5), this choice is equivalent to the determination of the non-
conserved generators Sˇr of a Hamiltonian right action of SO(3).
The realization of the E(3) group with generators ~S, ~N and non-fixed invariants ~N2, ~S · ~N
leads to the final canonical transformation introduced in Ref.[20]
~ρa
~πa
−→ α1 β1 α2 β2 ρa
S1 S
3
1 S2 S
3
2 π˜a
−→ α β γ |
~N | ρa
S = Sˇ S3 Sˇ3 = ~S · Nˆ ξ π˜a
,
ξ =
√
2
∑2
a=1(−)a+1~ρa × ~πa · (ρˆ2 × ρˆ1)
[1− ρˆ1 · ρˆ2]
√
1 + ρˆ1 · ρˆ2
. (2.11)
For N=3 the dynamical shape variables, functions of the relative coordinates ~ρa only, are
| ~N | and ρa, while the conjugate shape momenta are ξ, π˜a.
We can now reconstruct ~S and define a new unit vector Rˆ orthogonal to ~S by adopting the
prescription given after Eq.(2.8). The vectors Sˆ, Rˆ, Sˆ× Rˆ build up the spin frame for N=3.
The angle α conjugate to S is explicitly given by α = −tg−1 (Sˆ×Nˆ)3
[Sˆ×(Sˆ×Nˆ)]3
= −tg−1 (Sˆ×Rˆ)3
[Sˆ×(Sˆ×Rˆ)]3
.
The two expressions of α given here are consistent with the fact that Sˆ, Rˆ and Nˆ are
coplanar, so that Rˆ and Nˆ differ only by a term in Sˆ.
As a consequence of this definition of Rˆ, we get the following expressions for the dynamical
body frame Nˆ , χˆ, Nˆ × χˆ in terms of the final canonical variables
Nˆ = cos ψSˆ + sinψRˆ =
Sˇ3
S
Sˆ +
1
S
√
(S)2 − (Sˇ3)2Rˆ =
= Nˆ [S, α;S3, β; Sˇ3, γ],
χˆ = sinψcos γSˆ − cos ψcos γRˆ+ sin γSˆ × Rˆ =
=
Sˇ1
S
Sˆ − Sˇ
3
S
Sˇ1 Rˆ + Sˇ2 Sˆ × Rˆ√
(S)2 − (Sˇ3)2
= χˆ[S, α;S3, β; Sˇ3, γ],
⇓
Sˆ = sinψcos γχˆ+ sinψsin γNˆ × χˆ+ cos ψNˆ
def
=
1
S
[
Sˇ1χˆ+ Sˇ2Nˆ × χˆ + Sˇ3Nˆ
]
,
Rˆ = −cos ψcos γχˆ− cos ψsin γNˆ × χˆ+ sinψNˆ,
Rˆ× Sˆ = −sin γχˆ+ cos γNˆ × χˆ. (2.12)
While ψ is the angle between Sˆ and Nˆ , γ is the angle between the plane Nˆ − χˆ and the
plane Sˆ − Nˆ . As in the case N=2, α is the angle between the plane Sˆ − fˆ3 and the plane
Sˆ − Rˆ, while β is the angle between the plane Sˆ − fˆ3 and the plane fˆ3 − fˆ1.
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Finally, as shown in Ref.[13], we can perform a sequence of a canonical transformation
to Euler angles α˜, β˜, γ˜ (explicitly calculable in terms of ~ρa and ~πa) with their conjugate
momenta, followed by a transition to the anholonomic basis used in the orientation-shape
bundle approach [1] (qµ = (ρ1, ρ2, | ~N |), pµ = (π˜1, π˜2, ξ) are the dynamical shape variables)
α β γ | ~N | ρa
S = Sˇ S3 Sˇ3 ξ π˜a
non can.−→ α˜ β˜ γ˜ |
~N | ρa
Sˇ1 Sˇ2 Sˇ3 ξ π˜a
=
α˜ β˜ γ˜ qµ(~ρa)
Sˇ1 Sˇ2 Sˇ3 pµ(~ρa, ~πa)
. (2.13)
The Euler angles α˜, β˜, γ˜ are determined as the unique set of dynamical orientation
variables.
For N = 3 we get a result similar to the orientation-shape bundle approach, namely
the following relation between the space and body components of the relative coordinates:
ρra = Rrs(α˜, β˜, γ˜)ρˇsa(q), with ρˇ1a(q) = (−)a+1ρa
√
1− ~N2, ρˇ2a(q) = 0, ρˇ3a(q) = ρa| ~N |, Sr =
Rrs(α˜, β˜, γ˜)Sˇs. It can also be shown that for N=3 our definition of dynamical body frame
can be reinterpreted as a special global cross section (xxzz gauge, where x stays for χˆ and
z for Nˆ ; an outcome that is independent of the particular choice made for ~N and ~χ) of the
trivial SO(3) principal bundle of Ref.[1], namely a privileged choice of body frame. While the
above dynamical body frame can be identified with the global cross section corresponding to
the xxzz gauge, all other global cross sections cannot be interpreted as dynamical body frames
(or dynamical right actions), because the SO(3) principal bundle of Ref.[1] is built starting
from the relative configuration space and, therefore, it is a static, velocity-independent,
construction. As a matter of fact, after the choice of the shape configuration variables qµ
and of a space frame in which the relative variables have components ρra, the approach
of Ref.[1] begins with the definition of the body-frame components ρˇra(q
µ) of the relative
coordinates, in the form ρra = R
rs(θα)ρˇsa(q
µ), and then extends it in a velocity-independent
way to the relative velocities ρ˙ra
def
= Rrs(θα)vˇsa. Here R is a rotation matrix, θ
α are arbitrary
gauge orientational parameters and ρˇra(q
µ) is assumed to depend on the shape variables only.
In our construction we get instead ρra = R
rs(α˜, β˜, γ˜)ρˇsa(q
µ) in the xxzz gauge, so that in
the present case (N=3) all dynamical variables of our construction coincide with the static
variables in the xxzz gauge. On the other hand, in the relative phase space, the construction
of the evolving dynamical body frame is based on non-point canonical transformation.
C. The N-body system.
For N=4, it holds ~S = ~S1 + ~S2 + ~S3. Since we have three relative variables ~ρ1, ~ρ2, ~ρ3
and related momenta ~π1, ~π2, ~π3, it is possible to construct three sets of spin frames and
dynamical body frames corresponding to the hierarchy of clusterings ((ab)c) [i.e. ((12)3),
((23)1), ((31)2); the subscripts a, b, c denote any permutation of 1, 2, 3] of the relative spins
~Sa. The associated three canonical Darboux bases share the three variables S
3, β, S (viz.
~S), while both the remaining three orientational variables and the shape variables depend
on the spin clustering. This entails the existence of three different SO(3) right actions
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with non-conserved canonical generators Sˇr(A), A=1,2,3. Consistently, one can define three
anholonomic bases α˜(A), β˜(A), γ˜(A), Sˇ
r
(A) and associated shape variables q
µ
(A), p(A)µ, µ = 1, .., 6,
connected by canonical transformations leaving Sr fixed. The relative variables are therefore
naturally split in three different ways into 6 dynamical rotational variables and 12 generalized
dynamical shape variables. Consequently, we get three possible definitions of dynamical
vibrations.
By using the explicit construction given in Appendix C of Ref.[13], we define the following
sequence of canonical transformations (we assume S 6= 0; SA 6= 0, A = a, b, c) corresponding
to the spin clustering pattern abc 7→ (ab)c 7→ ((ab)c) [build first the spin cluster (ab), then
the spin cluster ((ab)c)]:
~ρa ~ρb ~ρc
~πa ~πb ~πc
−→
−→ αa βa αb βb αc βc ρa ρb ρc
Sa S
3
a Sb S
3
b Sc S
3
c π˜a π˜b π˜c
−→
(ab)c−→ α(ab) β(ab) γ(ab) αc βc |
~N(ab)| ρa ρb ρc
S(ab) S
3
(ab) Sˇ
3
(ab) =
~S(ab) · Nˆ(ab) Sc S3c ξ(ab) π˜a π˜b π˜c
−→
−→ α((ab)c) β((ab)c) γ((ab)c) |
~N((ab)c)| γ(ab) | ~N(ab)| ρa ρb ρc
S = Sˇ S3 Sˇ3 = ~S · Nˆ((ab)c) ξ((ab)c) ~S(ab) · Nˆ(ab) ξ(ab) π˜a π˜b π˜c
→
non can.−→ α˜ β˜ γ˜ |
~N((ab)c)| γ(ab) | ~N(ab)| ρa ρb ρc
Sˇ1 Sˇ2 Sˇ3 ξ((ab)c) Ω(ab) = ~S(ab) · Nˆ(ab) ξ(ab) π˜a π˜b π˜c
.
(2.14)
The first non-point canonical transformation is based on the existence of the three unit
vectors RˆA, A = a, b, c, and of three E(3) realizations with generators ~SA, RˆA and fixed
values (Rˆ2A = 1,
~SA · RˆA = 0) of the invariants.
In the next canonical transformation the spins of the relative particles a and b are coupled
to form the spin cluster (ab), leaving the relative particle c as a spectator. We use Eq.(2.10)
to define ~N(ab) =
1
2
(Rˆa + Rˆb), ~χ(ab) =
1
2
(Rˆa − Rˆb), ~S(ab) = ~Sa + ~Sb, ~W(ab) = ~Sa − ~Sb. We get
~N(ab) · ~χ(ab) = 0, {N r(ab), N s(ab)} = {N r(ab), χs(ab)} = {χr(ab), χs(ab)} = 0 and a new E(3) realization
generated by ~S(ab) and ~N(ab), with non-fixed invariants | ~N(ab)|, ~S(ab) · Nˆ(ab) def= Ω(ab). It can be
shown that it holds
~ρa = ρa
[
| ~N(ab)|Nˆ(ab) +
√
1− ~N2(ab)χˆ(ab)
]
,
~ρb = ρb
[
| ~N(ab)|Nˆ(ab) −
√
1− ~N2(ab)χˆ(ab)
]
,
~ρc = ρcRˆc. (2.15)
It is then possible to define α(ab) and β(ab) and a unit vector Rˆ(ab) with ~S(ab) · Rˆ(ab) = 0,
{Rˆr(ab), Rˆs(ab)} = 0. This unit vector identifies the spin cluster (ab) in the same way as the
unit vectors RˆA = ~ˆρA identify the relative particles A.
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The next step is the coupling of the spin cluster (ab) with unit vector Rˆ(ab) [described by
the canonical variables α(ab), S(ab), β(ab) S
3
(ab)] to the relative particle c with unit vector Rˆc
and described by αc, Sc, βc, S
3
c : this characterizes the spin cluster ((ab)c).
Again, Eq.(2.10) allows to define ~N((ab)c) =
1
2
(Rˆ(ab) + Rˆc), ~χ((ab)c) =
1
2
(Rˆ(ab) − Rˆc),
~S = ~S((ab)c) = ~S(ab) + ~Sc, ~W((ab)c) = ~S(ab) − ~Sc. Since we have ~N((ab)c) · ~χ((ab)c) = 0 and
{N r((ab)c), N s((ab)c)} = {N r((ab)c), χs((ab)c)} = {χr((ab)c), χs((ab)c)} = 0 due to {Rˆr(ab), Rˆsc} = 0,
a new E(3) realization generated by ~S and ~N((ab)c) with non-fixed invariants | ~N((ab)c)|,
~S · Nˆ((ab)c) = Sˇ3 emerges. Then, we can define α((ab)c) and β((ab)c) and identify a final
unit vector Rˆ((ab)c) with ~S · Rˆ((ab)c) = 0 and {Rˆr((ab)c), Rˆs((ab)c)} = 0.
In conclusion, when S 6= 0, we find both a spin frame Sˆ, Rˆ((ab)c), Rˆ((ab)c) × Sˆ and a
dynamical body frame χˆ((ab)c), Nˆ((ab)c) × χˆ((ab)c), Nˆ((ab)c), like in the 3-body case. There is an
important difference, however: the orthonormal vectors ~N((ab)c) and ~χ((ab)c) depend on the
momenta of the relative particles a and b through Rˆ(ab), so that our results do not share any
relation with the N=4 non-trivial SO(3) principal bundle of the orientation-shape bundle
approach.
The final 6 dynamical shape variables are qµ = {| ~N((ab)c)|, γ(ab), | ~N(ab)|, ρa, ρb, ρc}. While
the last four depend only on the original relative coordinates ~ρA, A = a, b, c, the first two
depend also on the original momenta ~πA: therefore they are generalized shape variables. In
Ref.[13] it is shown that, instead of ρra = R
rs(α˜, β˜, γ˜)ρˇsa(q
µ), it holds
ρrA = Rrs(α˜, β˜, γ˜) ρˇsA(qµ, pµ, Sˇr), A = a, b, c. (2.16)
Clearly, this result stands completely outside the orientation-shape bundle approach. As
a consequence the above anholonomic bases and the associated evolving dynamical body
frames, however, have no relations with the N=4 static non-trivial SO(3) principal bundle
of Ref.[1], which admits only local cross sections. Each set of 12 generalized dynamical
canonical shape variables is obviously defined modulo canonical transformations so that it
should even be possible to find local canonical bases corresponding to the local cross sections
of the N=4 static non-trivial SO(3) principal bundle of Ref.[1].
Finally, it can be shown that, starting from the Hamiltonian Hrel((ab)c) expressed in the fi-
nal variables, we can define a rotational HamiltonianH
(rot)
rel((ab)c) and a vibrational Hamiltonian
H
(vib)
rel((ab)c) (vanishing of the physical dynamical angular velocity ωˇ
r
((ab)c) = 0), but Hrel((ab)c)
fails to be the sum of these two Hamiltonians showing once again the non-separability of
rotations and vibrations. Let us stress that in the rotational Hamiltonian we find an inertia-
like tensor depending only on the dynamical shape variables. A similar result, however, does
not hold for the spin-angular velocity relation.
The price to be paid for the existence of 3 global dynamical body frames for N=4 is a
more complicated form of the Hamiltonian kinetic energy. On the other hand, dynamical
vibrations and dynamical angular velocity are measurable quantities in each dynamical body
frame.
Our results can be extended to arbitrary N, with ~S =
∑N−1
a=1
~Sa. There are as many
independent ways (say K) of spin clustering patterns as in quantum mechanics. For instance
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for N=5, K = 15 : 12 spin clusterings correspond to the pattern (((ab)c)d) and 3 to the
pattern ((ab)(cd)) [a, b, c, d = 1, .., 4]. For N=6, K = 105: 60 spin clusterings correspond to
the pattern ((((ab)c)d)e), 15 to the pattern (((ab)(cd)e) and 30 to the pattern (((ab)c)(de))
[a, b, c, d, e = 1, .., 5]. Each spin clustering is associated to: a) a related spin frame; b) a
related dynamical body frame; c) a related Darboux spin canonical basis with orientational
variables S3, β, S, α(A), Sˇ
3
(A), γ(A) = tg
−1 Sˇ
2
(A)
Sˇ1
(A)
, A = 1, .., K (their anholonomic counterparts
are α˜(A), β˜(A), γ˜(A), Sˇ
r
(A) with uniquely determined orientation angles) and shape variables
qµ(A), pµ(A), µ = 1, .., 3N − 6. Furthermore, for N ≥ 4 we find the following relation between
spin and angular velocity: Sˇr = Irs(qµ(A)) ωˇs(A) + fµ(qν(A))p(A)µ.
Therefore, for N ≥ 4 our sequence of canonical and non-canonical transformations leads
to the following result, to be compared with Eq.(2.13) of the 3-body case
~ρA
~πA
non can.−→ α˜ β˜ γ˜ q
µ(~ρA, ~πA)
Sˇ1 Sˇ2 Sˇ3 pµ(~ρA, ~πA)
. (2.17)
Therefore, for N ≥ 4 and with S 6= 0, SA 6= 0, A = a, b, c, namely when the standard
(3N-3)-dimensional orientation-shape bundle is not trivial, the original (6N-6)-dimensional
relative phase space admits as many dynamical body frames as spin canonical bases, which
are globally defined (apart isolated coordinate singularities) for the non-singular N-body con-
figurations with ~S 6= 0 (and with non-zero spin for each spin sub-cluster). These dynamical
body frames do not correspond to local cross sections of the static non-trivial orientation-
shape SO(3) principal bundle and the spin canonical bases do not coincide with the canonical
bases associated to the static theory.
The ~S = 0, C-horizontal, cross section of the static SO(3) principal bundle corresponds
to N-body configurations that cannot be included in the previous Hamiltonian construction
based on the canonical realizations of SO(3): these configurations (which include the singular
ones) have to be analyzed independently since they are related to the exceptional orbit of
SO(3), whose little group is the whole group.
While physical observables must be obviously independent of the gauge-dependent static
body frames, they do depend on the dynamical body frame, whose axes are operationally
defined in terms of the relative coordinates and momenta of the particles. In particular, a
dynamical definition of vibration, which replaces the ~S = 0, C-horizontal, cross section of the
static approach [1], is based on the requirement that the components of the angular velocity
vanish. Actually, the angular velocities with respect to the dynamical body frames become
now measurable quantities, in agreement with the phenomenology of extended deformable
bodies (see, e.g., the treatment of spinning stars in astrophysics).
In this connection, let us recall that the main efforts done in developing canonical trans-
formations for the N-body problem have been done in the context of celestial mechanics. As
a consequence, these transformations are necessarily adapted to the Newtonian gravitational
potential. As well known, the Kepler problem and the harmonic potential are the only inter-
actions admitting extra dynamical symmetries besides the rotational one. The particularity
of the final canonical transformations which have been worked out in that mechanical con-
text is that the Hamiltonian figures as one of the final momenta. This is in particular true
for the N=2 body problem (Delaunay variables; our β is the longitude of the ascending node
Ω [10]) and for the N=3 body problem (Jacobi’s method of the elimination of the nodes).
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On the other hand, it is well-known that, for generic non-integrable interactions, putting
the Hamiltonian in the canonical bases is quite useless, since it does not bring to isolating
integrals of the motion having the capability of reducing the dimensionality of phase space.
Here we stress again that our construction rests only on the left and right actions of the
SO(3) group and is therefore completely independent of form of the interactions.
The expression of the relative Hamiltonian Hrel for N = 3 in these variables is a compli-
cated function, given in Ref.[13], which fails to be the sum of a rotational plus a vibrational
part. It is an open problem for N=3 and N ≥ 4 to check whether suitable choices of the
numerical constants γai, more general body frames obtained by exploiting the freedom of
making arbitrary configuration-dependent rotations [34] and/or suitable canonical transfor-
mations of the shape variables among themselves can simplify the free Hamiltonian and/or
some type of interaction.
In conclusion, for each N, we get a finite number of physically well-defined separations
between rotational and vibrational degrees of freedom. The unique body frame of rigid
bodies is replaced here by a discrete number of evolving dynamical body frames and of spin
canonical bases. Both of them are grounded on patterns of spin couplings which are the
direct analogues of the coupling of quantum-mechanical angular momenta.
III. THE RELATIVISTIC CENTER-OF-MASS PROBLEM, RELATIVE VARI-
ABLES AND THE ROTATIONAL KINEMATICS IN SPECIAL RELATIVITY.
Let us see what happens when we replace Galilean space plus time with Minkowski
space-time, already for the simple model-system of N free scalar positive-energy particles.
First of all we have to describe a relativistic scalar particle. Among the various possi-
bilities (see Refs.[6, 35] for a review of the various options) we will choose the manifestly
Lorentz covariant approach based on Dirac’s first-class constraints
p2i − ǫm2i ≈ 0. (3.1)
The associated Lagrangian description is based on the 4-vector positions xµi (τ) and the
action S =
∫
dτ
(
− ǫ∑imi√ǫx˙2i (τ)), where τ is a Lorentz scalar mathematical time, i.e.
an affine parameter for the particle time-like world-lines. Then, Lorentz covariance implies
singular Lagrangians and the associated Dirac’s theory of constraints for the Hamiltonian
description. The individual time variables xoi (τ) are the gauge variables associated to the
mass-shell constraints, which have the two topologically disjoint solutions poi ≈ ±
√
m2i + ~p
2
i .
As discussed in Ref.[36] and [6] this implies that:
i) a combination of the time variables can be identified with the clock of one arbitrary
observer labeling the evolution of the isolated system;
ii) the N −1 relative times are related to observer’s freedom of looking at the N particles
either at the same time or with any prescribed relative delay, or, in other words, to the
convention for synchronization of distant clocks (definition of equal-time Cauchy surfaces on
which particle’s clocks are synchronized) used by the observer to characterize the temporal
evolution of the particles [9].
Introducing interactions in this picture without destroying the first-class nature of the
constraints is a well-known difficult problem, reviewed in Refs.[6, 35], where also the models
with second-class constraints are considered and compared.
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A. Parametrized Minkowski theories.
If the particle is charged and interacts with a dynamical electromagnetic field, a problem
of covariance appears. The standard description is based on the action
S = −ǫm
∫
dτ
√
ǫx˙2(τ)− e
∫
dτ
∫
d4zδ4(z − x(τ))x˙µ(τ)Aµ(z)− 1
4
∫
d4zF µν(z)Fµν(z).
(3.2)
By evaluating the canonical momenta of the isolated system, charged particle plus electro-
magnetic field, we find two primary constraints:
χ(τ) =
(
p− eA(x(τ))
)2
− ǫm2 ≈ 0, πo(zo, ~z) ≈ 0. (3.3)
It is immediately seen that, since there is no concept of equal time, it is impossible to
evaluate the Poisson bracket of these constraints. Also, due to the same reason, the Dirac
Hamiltonian, which would be HD = Hc + λ(τ)χ(τ) +
∫
d3zλo(zo, ~z)πo(zo, ~z) with Hc the
canonical Hamiltonian and with λ(τ), λo(zo, ~z) Dirac’s multipliers, does not make sense.
This problem is present even at the level of the Euler-Lagrange equations, specifically in
the formulation of a Cauchy problem for a system of coupled equations some of which are
ordinary differential equations in the affine parameter τ along the particle world-line, while
the others are partial differential equations depending on Minkowski coordinates zµ. Since
the problem is due the lack of a covariant concept of equal time between field and particle
variables, a new formulation is needed.
In Ref.[6], after a discussion of the many-time formalism, a solution of the problem was
found within a context suited to incorporate the gravitational field. The starting point is an
arbitrary 3+1 splitting of Minkowski space-time with space-like hyper-surfaces (see Ref.[9]
for more details on the admissible splittings). After choosing the world-line of an arbitrary
observer, a centroid xµs (τ), as origin, a set of generalized radar 4-coordinates [9], adapted to
the splitting, is provided by the τ affine parameter of the centroid world-line together with
a system of curvilinear 3-coordinates ~σ
def
= {σr} vanishing on the world-line. In this way
we get an arbitrary extended non-inertial frame centered on the (in general accelerated)
observer described by the centroid. The coordinates (τ, ~σ) are generalized radar coordinates
depending upon the choice of the centroid and the splitting. The space-like hyper-surfaces
are described by their embedding zµ(τ, ~σ) in Minkowski space-time. The metric induced
by the change of coordinates xµ 7→ σA = (τ, ~σ) is gAB(τ, ~σ) = ∂A zµ(τ, ~σ) ηµν ∂B zν(τ, ~σ)
(∂A z
µ(τ, ~σ) = ∂ zµ(τ, ~σ)/∂σA). This is essentially Dirac’s reformulation [37] of classical field
theory (suitably extended to particles) on arbitrary space-like hyper-surfaces (equal time or
simultaneity Cauchy surfaces). Note, incidentally, that it is also the classical basis of the
Tomonaga-Schwinger formulation of quantum field theory.
Given any isolated system, containing any combination of particles, strings and fields
and described by an action principle, one is lead to a reformulation of it as a parametrized
Minkowski theory [6], with the extra bonus that the theory is already prepared for the cou-
pling to gravity in its ADM formulation (Ref.[24]). This is done by coupling its action
to an external gravitational field gµν(x) and then by replacing the external 4-metric with
gAB(τ, ~σ). In this way we get an action depending on the isolated system and on the em-
bedding zµ(τ, ~σ) as configurational variables. Since the action is invariant under separate
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τ -reparametrizations and space-diffeomorphisms (frame-preserving diffeomorphisms [9]), ad-
ditional first-class constraints are needed to ensure the independence of the description from
the choice of the 3+1 splitting, namely from the convention chosen for the synchronization of
distant clocks identifying the instantaneous 3-space to be used as Cauchy surface. The em-
bedding configuration variables zµ(τ, ~σ) are the gauge variables associated with this kind of
special-relativistic general covariance and describe all the possible inertial effects compatible
with special relativity.
Let us come back to the discussion of free particles within the parametrized Minkowski
theory approach. Since the intersection of a time-like world-line with a space-like hyper-
surface, corresponding to a value τ of the time parameter, is identified by 3 numbers ~σ = ~η(τ)
and not by four, each particle must have a well-defined sign of the energy. We cannot de-
scribe, therefore, the two topologically disjoint branches of the mass hyperboloid simulta-
neously as in the standard manifestly Lorentz-covariant approach. Then, there are no more
mass-shell constraints. Each particle with a definite sign of the energy is described by the
canonical coordinates ~ηi(τ), ~κi(τ) (like in non-relativistic physics), while the 4-position of the
particles is given by xµi (τ) = z
µ(τ, ~ηi(τ)). The 4-momenta p
µ
i (τ) are ~κi-dependent solutions
of p2i − ǫm2i = 0 with the given sign of the energy.
The system of N free scalar and positive energy particles is described by the action [6]
S =
∫
dτd3σL(τ, ~σ) =
∫
dτL(τ),
L(τ, ~σ) = −
N∑
i=1
δ3(~σ − ~ηi(τ))mi
√
gττ(τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙rˇi (τ) + grˇsˇ(τ, ~σ)η˙
rˇ
i (τ)η˙
sˇ
i (τ),
L(τ) = −
N∑
i=1
mi
√
gττ (τ, ~ηi(τ)) + 2gτ rˇ(τ, ~ηi(τ))η˙rˇi (τ) + grˇsˇ(τ, ~ηi(τ))η˙
rˇ
i (τ)η˙
sˇ
i (τ), (3.4)
where the configuration variables are zµ(τ, ~σ) and ~ηi(τ), i=1,..,N. As said the action is
invariant under frame-dependent diffeomorphisms [9]. In phase space the Dirac Hamiltonian
is a linear combination of the following first-class constraints in strong involution
Hµ(τ, ~σ) = ρµ(τ, ~σ)− lµ(τ, ~σ)
N∑
i=1
δ3(~σ − ~ηi(τ))
√
m2i − γ rˇsˇ(τ, ~σ)κirˇ(τ)κisˇ(τ)−
− zrˇµ(τ, ~σ)γ rˇsˇ(τ, ~σ)
N∑
i=1
δ3(~σ − ~ηi(τ))κisˇ ≈ 0. (3.5)
The conserved Poincare´ generators are
pµs =
∫
d3σρµ(τ, ~σ), Jµνs =
∫
d3σ[zµ(τ, ~σ)ρν(τ, ~σ)− zν(τ, ~σ)ρµ(τ, ~σ)]. (3.6)
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B. The rest-frame instant form on the Wigner hyper-planes.
Due to the special-relativistic general covariance implying the gauge equivalence of the
descriptions associated to different admissible 3+1 splitting of Minkowski space-time in
parametrized theories, the foliation can be restricted to space-like hyper-planes. In partic-
ular, for each configuration of the isolated system with time-like 4-momentum, the leaves
are best chosen as the hyper-planes orthogonal to the conserved total 4-momentum (Wigner
hyper-planes). Note that this special foliation is intrinsically determined by the configu-
ration of the isolated system alone. This leads to the definition of the Wigner-covariant
rest-frame instant form of dynamics [6], for every isolated system whose configurations have
well-defined and finite Poincare´ generators with time-like total 4-momentum [8]. An inertial
rest frame for the system is obtained by restricting the centroid world-line to a straight line
orthogonal to Wigner hyper-planes.
On a Wigner hyperplane, we obtain the following constraints [the only remnants of the
constraints (3.5)] and the following Dirac Hamiltonian [6]
ǫs −Msys ≈ 0, ~κ+ =
N∑
i=1
~κi ≈ 0, Msys =
N∑
i=1
√
m2i + ~κ
2
i ,
HD = λ(τ)[ǫs −Msys]− ~λ(τ)
N∑
i=1
~κi,
x˙µs (τ) ≈ −λ(τ)uµ(ps) + ǫµr (u(ps))λr(τ), ˙˜x
µ
s (τ) = −λ(τ)uµ(ps),
xµs (τ) = x
µ
o + u
µ(ps)Ts + ǫ
µ
r (u(ps))
∫ τ
o
dτ1 λr(τ1). (3.7)
The embedding describing Wigner hyper-planes is zµ(τ, ~σ) = xµs (τ) + ǫ
µ
r (u(ps))σ
r, where
ǫµo (u(p)) = u
µ(p) = pµ/
√
ǫ p2 and ǫµr (u(p)) =
(
− ur(p); δir − u
i(p)ur(p)
1+uo(p)
)
are the columns of
the standard Wigner boost, ǫµν (u(ps)) = L
µ
ν(ps,
◦
ps), connecting the time-like 4-vector p
µ to
its rest-frame form,
◦
p =
√
ǫ p2 (1;~0). As a consequence the space indices ”r” now transform
as Wigner spin-1 3-vectors.
The 3 Dirac’s multipliers ~λ(τ) describe the classical zitterbewegung of the centroid xµs (τ):
each gauge-fixing ~χ(τ) ≈ 0 to the three first-class constraints ~κ+ ≈ 0 gives a different
determination of the multipliers ~λ(τ) and therefore identifies a different world-line x
(~χ)µ
s (τ)
for the covariant non-canonical centroid.
The various spin tensors and vectors evaluated with respect to the centroid are [6]
Jµνs = x
µ
sp
ν
s − xνspµs + Sµνs ,
Sµνs = [u
µ(ps)ǫ
ν(u(ps))− uν(ps)ǫµ(u(ps))]S¯τrs + ǫµ(u(ps))ǫν(u(ps))S¯rss ,
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S¯ABs = ǫ
A
µ (u(ps))ǫ
B
ν (u(ps))S
µν
s =
(
S¯rss ≡
N∑
i=1
(ηri κ
s
i − ηsiκri ); S¯τrs ≡ −
N∑
i=1
ηri
√
m2i c
2 + ~κ2i
)
,
~¯S ≡ ~¯S =
N∑
i+1
~ηi × ~κi ≈
N∑
i=1
~ηi × ~κi − ~η+ × ~κ+ =
N−1∑
a=1
~ρa × ~πa. (3.8)
Note that Lµνs = x
µ
s p
ν
s−xνs pµs and Sµνs are not constants of the motion due to the classical
zitterbewegung.
Let us now summarize some relevant points of the rest-frame instant form on Wigner
hyper-planes, since this formulation clarifies the role of the various relativistic centers of
mass. This is a long standing problem which arose just after the foundation of special
relativity in the first decade of the last century. It became soon clear that the problem of
the relativistic center of mass is highly non-trivial: no definition can enjoy all the properties
of the ordinary non-relativistic center of mass. See Refs.[38, 39, 40, 41, 42, 43] for a partial
bibliography of all the existing attempts and Ref.[44] for reviews.
Let us stress that, as said in the Introduction, our approach leads to a doubling of the
usual concepts: there is an external viewpoint (see Subsection C) and an internal viewpoint
(see Subsection D) with respect to the Wigner hyper-planes. While in Newton physics for
any given absolute time there exists an absolute instantaneous 3-space and a unique center
of mass with a unique associated 3-momentum ~P (vanishing in the rest frame), in special
relativity the notion of instantaneous 3-space requires a convention for the synchronization
of distant clocks. In other words we are forced: i) to introduce a 3+1 splitting of Minkowski
space-time and an arbitrary accelerated observer; ii) for the sake of simplicity to restrict
ourselves to inertial frames, namely to an inertial observer with a 4-momentum pµs and
to foliations with space-like hyper-planes orthogonal to this 4-momentum (Wigner hyper-
planes); iii) to describe the isolated system inside each of these instantaneous rest-frame 3-
spaces, where its total 3-momentum vanishes. As a consequence, the unique non-relativistic
center-of-mass 3-momentum ~P , vanishing in the rest frame, is replaced by two independent
notions: i) an external 4-momentum pµs = (p
o
s, ~ps = ǫs
~ks) describing the orientation of the
instantaneous 3-space with respect to an arbitrary reference inertial observer; ii) an internal
3-momentum inside the instantaneous 3-space, which vanishes, ~κ+ ≈ 0, as a definition of
rest frame. The rest-frame instant form of dynamics is the natural framework to visualize
this doubling.
In the rest-frame instant form only four first-class constraints survive so that the original
configurational variables zµ(τ, ~σ), ~ηi(τ) and their conjugate momenta ρµ(τ, ~σ), ~κi(τ) are
reduced to:
i) a decoupled point x˜µs (τ), p
µ
s (the only remnant of the space-like hyper-surface) with
a positive mass ǫs =
√
ǫp2s determined by the first-class constraint ǫs −Msys ≈ 0 (Msys is
the invariant mass of the isolated system). Its rest-frame Lorentz scalar time Ts =
x˜s·ps
ǫs
is
put equal to the mathematical time as a gauge fixing Ts − τ ≈ 0 to the previous constraint.
The unit time-like 4-vector uµ(ps) = p
µ
s/ǫs is orthogonal to the Wigner hyper-planes and
describes their orientation in the chosen inertial frame.
Here, x˜µs (τ) is a non-covariant canonical variable describing the decoupled canonical ex-
ternal 4-center of mass. It plays the role of a kinematical external 4-center of mass and of
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a decoupled observer with his parametrized clock (point particle clock). Its velocity ˙˜x
µ
s (τ) is
parallel to pµs , so that it has no classical zitterbewegung. The connection between the centroid
xµs (τ) = z
µ(τ,~0) and x˜µs (τ) and the associated decomposition of the angular momentum are
x˜µs (τ)
def
= zµ(τ, ~˜σ) = xµs (τ)−
1
ǫs(pos + ǫs)
[
psνS
νµ
s + ǫs(S
oµ
s − Soνs
psνp
µ
s
ǫ2s
)
]
,
Jµνs = x˜
µ
sp
ν
s − x˜νspµs + S˜µνs ,
S˜µνs = S
µν
s +
1√
ǫp2s(p
o
s +
√
ǫp2s)
[
psβ(S
βµ
s p
ν
s − Sβνs pµs ) +
√
p2s(S
oµ
s p
ν
s − Soνs pµs )
]
,
S˜ijs = δ
irδjsS¯rss , S˜
oi
s = −
δirS¯rss p
s
s
pos +
√
ǫp2s
, (3.9)
Now both L˜µνs = x˜
µ
s p
ν
s − x˜νs pµs and S˜µνs are conserved.
ii) the 6N particle canonical variables ~ηi(τ), ~κi(τ) inside the Wigner hyper-planes. They
are restricted by the three first-class constraints (the rest-frame conditions) ~κ+ =
∑N
i=1 ~κi ≈
0. They are Wigner spin-1 3-vectors, like the coordinates ~σ.
The canonical variables x˜µs , p
µ
s for the external 4-center of mass, can be replaced by the
canonical pairs [45]
Ts =
ps · x˜s
ǫs
=
ps · xs
ǫs
, ǫs = ±
√
ǫp2s, ~zs = ǫs(~˜xs −
~ps
pos
x˜os),
~ks =
~ps
ǫs
. (3.10)
In the rest-frame instant form, this non-point canonical transformation can be summa-
rized as
x˜µs ~ηi
pµs ~κi
−→ ǫs ~zs ~ηi
Ts ~ks ~κi
(3.11)
The addition of the gauge-fixing Ts − τ ≈ 0 for the first-class constraint ǫs −Msys ≈ 0,
building a pair of second-class constraints and implying λ(τ) = −1 (due to the explicit
τ -dependence of the gauge fixing), leads to the elimination of Ts and ǫs. We are then left
with a decoupled free point (point particle clock) of mass Msys and canonical 3-coordinates
~zs, ~ks. The position ~qs = ~zs/ǫs is the classical analogue of the Newton-Wigner 3-position
operator [39] and shares with it the reduced covariance under the Euclidean subgroup of the
Poincare´ group.
The invariant mass Msys of the system, which is also its internal energy, replaces the
non-relativistic Hamiltonian Hrel for the relative degrees of freedom. For c → ∞ we have
Msys−mc2 → Hrel. Msys generates the evolution in the rest-frame Lorentz scalar time Ts in
the rest frame: in this way we get the same equations of motion as before the addition of the
gauge fixing. This reminds of the frozen Hamilton-Jacobi theory, in which the time evolution
can be reintroduced by using the energy generator of the Poincare´ group as Hamiltonian. As
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a consequence, after the gauge fixing Ts − τ ≈ 0, the final Hamiltonian and the embedding
of the Wigner hyperplane into Minkowski space-time become
HD = Msys − ~λ(τ) · ~κ+,
zµ(τ, ~σ) = xµs (τ) + ǫ
µ
r (u(ps))σ
r = xµs (0) + u
µ(ps)τ + ǫ
µ
r (u(ps))σ
r,
with x˙µs (τ)
◦
=
d xµs (τ)
dτ
+ {xµs (τ), HD} = uµ(ps) + ǫµr (u(ps))λr(τ), (3.12)
where xµs (0) is an arbitrary point. This equation visualizes the role of the Dirac multipliers
as sources of the classical zittebewegung and consequently the gauge nature of this latter. Let
us remark that the constant xµs (0) [and x˜
µ
s (0)] is arbitrary, reflecting the arbitrariness in the
absolute location of the origin of the internal coordinates on each hyperplane in Minkowski
space-time.
Inside the Wigner hyperplane three degrees of freedom of the isolated system, describing
an internal center-of-mass 3-variable ~σcom conjugate to ~κ+ (when the ~σcom are canonical
variables they are denoted ~q+) are gauge variables. The natural gauge fixing in order to
eliminate the three first-class constraints ~κ+ ≈ 0 is ~χ = ~q+ ≈ 0 which implies λr(τ) = 0: in
this way the internal 3-center of mass gets located in the centroid xµs (τ) = z
µ(τ, ~σ = 0) of
the Wigner hyperplane.
C. The external Poincare’ group and the external center-of-mass variables on a
Wigner hyper-plane.
The external viewpoint is proper to an arbitrary inertial Lorentz observer, describing the
Wigner hyper-planes as leaves of a foliation of Minkowski space-time and determined by the
time-like configurations of the isolated system. Therefore there is an external realization
of the Poincare´ group, whose Lorentz transformations rotate the Wigner hyper-planes and
induce a Wigner rotation of the 3-vectors inside each Wigner hyperplane. As a consequence,
each such hyperplane inherits an induced internal Euclidean structure and an internal un-
faithful Euclidean action , with an associated unfaithful internal realization of the Poincare’
group (the internal translations are generated by the first-class constraints ~κ+ ≈ 0, so that
they are eliminable gauge variables), which will be described in the next Subsection.
The external realization of the Poincare´ generators with non-fixed invariants ǫp2s = ǫ
2
s ≈
M2sys and W
2 = −ǫp2s ~¯S
2
s ≈ −ǫM2sys ~¯S
2
, is obtained from Eq.(3.8) (the four independent
Hamiltonians [7] of this instant form, pos and J
oi
s , are all functions only of the invariant mass
Msys, which contains the possible mutual interactions among the particles):
pµs , J
µν
s = x˜
µ
sp
ν
s − x˜νspµs + S˜µνs ,
pos =
√
ǫ2s + ~p
2
s = ǫs
√
1 + ~k2s ≈
√
M2sys + ~p
2
s = Msys
√
1 + ~k2s , ~ps = ǫs
~ks ≈Msys~ks,
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J ijs = x˜
i
sp
j
s − x˜jspis + δirδjs
N∑
i=1
(ηri κ
s
i − ηsi κri ) = ziskjs − zjskis + δirδjsǫrsuS¯us ,
Kis = J
oi
s = x˜
o
sp
i
s − x˜is
√
ǫ2s + ~p
2
s −
1
ǫs +
√
ǫ2s + ~p
2
s
δirpss
N∑
i=1
(ηri κ
s
i − ηsi κri ) =
= −
√
1 + ~k2sz
i
s −
δirkssǫ
rsuS¯us
1 +
√
1 + ~k2s
≈ x˜ospis − x˜is
√
M2sys + ~p
2
s −
δirpssǫ
rsuS¯us
Msys +
√
M2sys + ~p
2
s
.
(3.13)
Given a canonical realization of the ten Poincare´ generators, one can build [18] three
external 3-variables, the canonical 3-center of mass ~qs, the Moller 3-center of energy ~Rs and
the Fokker-Pryce 3-center of inertia ~Ys by using only these generators. For the rest-frame
realization of the Poincare´ algebra given in Eqs.(3.13) we get
~Rs = − 1
pos
~Ks = (~˜xs − ~ps
pos
x˜os)−
~¯Ss × ~ps
pos(p
o
s + ǫs)
,
~qs = ~˜xs − ~ps
pos
x˜os =
~zs
ǫs
= ~Rs +
~¯Ss × ~ps
pos(p
o
s + ǫs)
=
pos
~Rs + ǫs~Ys
pos + ǫs
,
~Ys = ~qs +
~¯Ss × ~ps
ǫs(pos + ǫs)
= ~Rs +
~¯Ss × ~ps
posǫs
,
{Rrs, Rss} = −
1
(pos)
2
ǫrsuΩus ,
~Ωs = ~Js − ~Rs × ~ps,
{qrs , qss} = 0, {Y rs , Y ss } =
1
ǫspos
ǫrsu
[
S¯us +
~¯Ss · ~ps pus
ǫs(pos + ǫs)
]
,
~ps · ~qs = ~ps · ~Rs = ~ps · ~Ys = ~ks · ~zs, ~ps = 0⇒ ~qs = ~Ys = ~Rs. (3.14)
All of these have the same velocity and coincide in the Lorentz rest frame where
◦
p
µ
s = ǫs(1;~0)
Then, three external concepts of 4-center of mass can be defined (each having an internal
3-location inside the Wigner hyper-planes) starting from the kinematics of the Wigner
hyper-planes and from the above concepts of 3-centers of mass [38] :
a) The external non-covariant canonical 4-center of mass x˜µs (with 3-location ~˜σ), extension
of the canonical 3-position vector ~qs (also named center of spin [42]). ~qs is the classical
analogue of the Newton-Wigner position operator [39]. x˜µs is a frame-dependent pseu-
dovector (~qs does not satisfy the world line condition [38]), but it is canonical: {x˜µs , x˜νs} = 0.
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b) The external non-covariant and non-canonical Møller 4-center of energy Rµs (with
3-location ~σR), extension of the Møller 3-center of mass ~Rs [40], which corresponds to
the standard non-relativistic definition of center of mass of a system of particles with
masses replaced by energies. ~Rs does not satisfy the world line condition, so that R
µ
s is a
frame-dependent pseudovector and moreover {Rµs , Rνs} 6= 0.
c) The external non-canonical but covariant Fokker-Pryce 4-center of inertia Y µs (with
3-location ~σY ), extension of the Fokker-Pryce 3-center of inertia [41, 42]. Y
µ
s is a 4-
vector by construction: it is the Lorentz transform of the rest-frame pseudo-world-line
R
(rest)µ
s = x˜
(rest)µ
s of the Møller center of energy to an arbitrary frame. It holds {Y µs , Y νs } 6= 0.
Note that while the Fokker-Pryce Y µs is the only 4-vector by construction, only x˜
µ
s (τ) can
be an adapted coordinate in a Hamiltonian treatment with Dirac constraints.
To find the 3-locations on the Wigner hyper-planes, with respect to the centroid world-
line xµs (τ) = z
µ(τ,~0), of these quantities, we note [11] that, since we have Ts = u(ps) · xs =
u(ps) · x˜s ≡ τ on the Wigner hyperplane labeled by τ , we can require Y µs and Rµs to have
time components such that u(ps) · Ys = u(ps) · Rs = Ts ≡ τ . As a consequence, the
following 3-locations are determined in Ref.[11]: a) for the world-line Y µs (τ) = z
µ(τ, ~σY ) =(
x˜o(τ); ~Ys(τ)
)
we get σrY = R
r
+, with
~R+ defined in Eq.(3.16) of next Subsection; b) for the
pseudo-world-line x˜µs (τ) = z
µ(τ, ~˜σ) =
(
x˜os(τ); ~˜xs(τ)
)
we get σ˜r = σrY +
S¯rvs u
v(ps)
1+uo(ps)
; c) for the
pseudo-world-line Rµs = z
µ(τ, ~σR) =
(
x˜o(τ); ~Rs(τ)
)
we get σrR = σ
r
Y +
[1−uo(ps)] S¯rvs u
v(ps)
uo(ps) [1+uo(ps)]
.
It is seen that the external Fokker-Pryce non-canonical 4-center of inertia coincides with
the centroid x
(~q+)µ
s (τ) carrying the internal 3-center of mass.
In each Lorentz frame one has different pseudo-world-lines describing Rµs and x˜
µ
s : the
canonical 4-center of mass x˜µs lies in between Y
µ
s and R
µ
s in every (non rest)-frame. In an
arbitrary Lorentz frame, the pseudo-world-lines associated with x˜µs and R
µ
s fill a world-tube
(see the book in Ref.[40]) around the world-line Y µs of the covariant non-canonical Fokker-
Pryce 4-center of inertia Y µs . The invariant radius of the tube is ρ =
√−ǫW 2/p2 = |~S|/
√
ǫp2
where (W 2 = −ǫp2~S2 is the Pauli-Lubanski invariant when ǫp2 > 0). This classical intrinsic
radius delimitates the non-covariance effects (the pseudo-world-lines) of the canonical 4-
center of mass x˜µs . See Ref.[7] for a discussion of the properties of the Møller radius. At
the quantum level ρ becomes the Compton wavelength of the isolated system times its spin
eigenvalue
√
s(s+ 1) , ρ 7→ ρˆ =
√
s(s+ 1)~/M =
√
s(s+ 1)λM with M =
√
ǫp2 the
invariant mass and λM = ~/M its Compton wavelength. The critique of classical relativistic
physics argued from quantum pair production concerns testing of distances where, due to
the Lorentz signature of space-time, intrinsic classical covariance problems emerge: the
canonical 4-center of mass x˜µs adapted to the first-class constraints of the system cannot be
localized in a frame-independent way. Remember [6], finally, that ρ is also a remnant of
the energy conditions of general relativity in flat Minkowski space-time: since the Møller
non-canonical, non-covariant 4-center of energy Rµ has non-covariance properties localized
inside the world-tube with radius ρ (see the book in [40]), it turns out that for an extended
relativistic system with the material radius smaller of its intrinsic radius ρ one has: i) its
peripheral rotation velocity can exceed the velocity of light; ii) its classical energy density
cannot be positive definite everywhere in every frame.
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D. The internal Poincare’ group and the internal center-of-mass variables on a
Wigner hyper-plane.
Let us consider now the notions defined according to the internal viewpoint. They corre-
spond to an unfaithful internal realization of the Poincare´ algebra: the internal 3-momentum
~κ+ vanishes due to the rest-frame conditions; the internal energy and angular momentum
are given by the invariant mass Msys and by the external spin (angular momentum with
respect to x˜µs (τ)) of the isolated system, respectively.
This internal realization of the Poincare´ algebra is built inside the Wigner hyperplane by
using the expression of S¯ABs given by Eq.(3.8) (the invariants are M
2
sys−~κ2+ ≈M2sys > 0 and
W 2 = −ǫ(M2sys − ~κ2+) ~¯S
2
s ≈ −ǫM2sys ~¯S
2
s; in the interacting case Msys and
~K are modified by
the mutual interactions among the particles)
Msys = HM =
N∑
i=1
√
m2i + ~κ
2
i , ~κ+ =
N∑
i=1
~κi (≈ 0),
~J =
N∑
i=1
~ηi × ~κi, Jr = S¯r = 1
2
ǫruvS¯uv ≡ S¯rs ,
~K = −
N∑
i=1
√
m2i + ~κ
2
i ~ηi, K
r = Jor = S¯τrs . (3.15)
As we shall see, ~K ≈ 0 are the natural gauge fixings for the first-class constraints ~κ+ ≈ 0:
this makes the internal realization even more unfaithful.
In analogy with the external viewpoint, the determination of the three internal 3-center
of mass can be achieved using again the group theoretical methods of Ref.[18]:
i) a canonical internal 3-center of mass (or 3-center of spin) ~q+;
ii) a non-canonical internal Møller 3-center of energy ~R+ ;
iii) a non-canonical internal Fokker-Pryce 3-center of inertia ~y+.
Starting from the internal realization (3.15) of the Poincare´ algebra, we get the following
Wigner spin 1 3-vectors: i) The internal Moller 3-center of energy ~R+ and the associated
spin vector ~SR
~R+ = − 1
Msys
~K =
∑N
i=1
√
m2i + ~κ
2
i ~ηi∑N
k=1
√
m2k + ~κ
2
k
,
~SR = ~J − ~R+ × ~κ+,
{Rr+, κs+} = δrs, {Rr+,Msys} =
κr+
Msys
, {Rr+, Rs+} = −
1
M2sys
ǫrsuSuR,
{SrR, SsR} = ǫrsu(SuR −
1
M2sys
~SR · ~κ+ κu+), {SrR,Msys} = 0. (3.16)
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Note that the gauge fixing ~R+ ≈ 0 gives
~R+ ≈ 0 ⇒ ~˙R+ ◦= {~R+, HD} =
=
~κ+∑N
k=1
√
m2k + ~κ
2
k
− ~λ(τ)
∑N
i=1
√
m2i + ~κ
2
i∑N
k=1
√
m2k + ~κ
2
k
≈ −~λ(τ) ≈ 0. (3.17)
Furthermore, the internal boost generator of Eq.(3.15) may be rewritten as ~K =
−Msys ~R+, so that ~R+ ≈ 0 implies ~K ≈ 0.
ii) The canonical internal 3-center of mass ~q+ and the associated spin vector ~Sq [{qr+, qs+} =
0, {qr+, κs+} = δrs, {Jr, qs+} = ǫrsu qu+, {Srq , Ssq} = ǫrsuSuq ]
~q+ = ~R+ −
~J × ~Ω√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
=
= −
~K√
M2sys − ~κ2+
+
~J × ~κ+√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
+
+
~K · ~κ+ ~κ+
Msys
√
M2sys − ~κ2+
(
Msys +
√
M2sys − ~κ2+
) ,
≈ ~R+ for ~κ+ ≈ 0; {~q+,Msys} = ~κ+
Msys
,
~Sq = ~J − ~q+ × ~κ+ = Msys
~J√
M2sys − ~κ2+
+
+
~K × ~κ+√
M2sys − ~κ2+
−
~J · ~κ+ ~κ+√
M2sys − ~κ2+
(
Msys +
√
M2sys − ~κ2+
) ≈ ~¯S = ~J. (3.18)
iii) The internal non-canonical Fokker-Pryce 3-center of inertia ~y+
~y+ = ~q+ +
~Sq × ~κ+√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
= ~R+ +
~Sq × ~κ+
Msys
√
M2sys − ~κ2+
,
~q+ = ~R+ +
~Sq × ~κ+
Msys(Msys +
√
M2sys − ~κ2+)
=
Msys ~R+ +
√
M2sys − ~κ2+~y+
Msys +
√
M2sys − ~κ2+
,
{yr+, ys+} =
1
Msys
√
M2sys − ~κ2+
ǫrsu
[
Suq +
~Sq · ~κ+ κu+√
M2sys − ~κ2+(Msys +
√
M2sys − ~κ2+)
]
.
(3.19)
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Note that on the Wigner hyper-planes, due to the rest-frame conditions ~κ+ ≈ 0, all the
internal 3-centers of mass coincide, ~q+ ≈ ~R+ ≈ ~y+, and become essentially a unique gauge
variable conjugate to ~κ+. As a natural gauge fixing for the rest-frame conditions ~κ+ ≈ 0,
we can add the vanishing of the internal Lorentz boosts ~K = −Msys ~R+ ≈ 0: this implies
~λ(τ) ≈ 0 and is equivalent to locate the internal canonical 3-center of mass ~q+ in ~σ = 0, i.e.
in the external centroid xµs (τ) = z
µ(τ,~0) origin of the internal 3-coordinates in each Wigner
hyperplane. Remember that the centroid xµs (τ) corresponds to the unique special-relativistic
center-of-mass-like world-line of Refs.[46]. With these gauge fixings and with Ts−τ ≈ 0, the
world-line xµs (τ) of the centroid becomes uniquely determined except for the arbitrariness in
the choice of xµs (0)
x(~q+)µs (τ = Ts) = x
µ
s (0) + u
µ(ps)Ts, (3.20)
and coincides with the external covariant non-canonical Fokker-Pryce 4-center of inertia,
xµs (τ) = x
µ
s (0)+Y
µ
s . It can also be shown that the centroid x
(µ)
s (τ) coincides with the Dixon
center of mass of an extended object [29] as well as with the Pirani [47] and the Tulczyjew
[48] centroids.
Note that in the non-relativistic limit all the quantities ~q+, ~R+, ~y+ tends the the non-
relativistic center of mass ~qnr =
∑N
i=1 mi~ηi∑N
i=1 mi
.
We are left with the problem of the construction of a canonical transformation bringing
from the basis ~ηi, ~κi, to a new canonical basis ~q+, ~κ+(≈ 0), ~ρq,a, ~πq,a, in which ~Sq =∑N−1
a=1 ~ρq,a × ~πq,a:
~ηi
~κi
−→ ~q+ ~ρqa
~κ+ ~πqa
(3.21)
Let us stress that this cannot be a point transformation, because of the momentum de-
pendence of the relativistic internal 3-center of mass ~q+. The canonical transformation (3.21)
will be constructed in the next Subsection by using the method of Gartenhaus-Schwartz [49]
as delineated in Ref.[50].
In conclusion, at the relativistic level the non-relativistic Abelian translation symmetry
generating the non-relativistic Noether constants ~P = const. gets split into the two follow-
ing symmetries: i) the external Abelian translation symmetry whose Noether constants of
motion are ~ps = ǫs~ks ≈ Msys~ks = const. (its conjugate variable being the external 3-center
of mass ~zs); ii) the internal Abelian gauge symmetry generating the three first-class con-
straints ~κ+ ≈ 0 (rest-frame conditions) inside the Wigner hyperplane (the conjugate gauge
variable being the internal 3-center of mass ~q+ ≈ ~R+ ≈ ~y+). Of course, its non-relativistic
counterpart is the non-relativistic rest-frame condition ~P ≈ 0.
E. The canonical transformation to the internal center-of-mass and relative vari-
ables for N free particles.
Since ~q+ and ~κ+ are known, we have only to find the internal conjugate variables appearing
in the canonical transformation (3.21). They have been determined in Ref.[11] by using
the technique of Ref.[49] and starting from a set of canonical variables defined in Ref.[6].
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Precisely, starting from the naive internal center-of-mass variable ~η+ =
1
N
∑N
i=1 ~ηi, we applied
with definition of relative variables ~ρa, ~πa based on the following family of point canonical
transformations [the numerical parameters γai satisfy the relations in Eqs.(2.2)]
~ηi
~κi
−→ ~η+ ~ρa
~κ+ ~πa
, a = 1, .., N − 1,
~ηi = ~η+ +
1√
N
N−1∑
a=1
γai~ρa, ~κi =
1
N
~κ+ +
√
N
N−1∑
a=1
γai~πa,
~η+ =
1
N
N∑
i=1
~ηi, ~κ+ =
N∑
i=1
~κi ≈ 0,
~ρa =
√
N
N∑
i=1
γai~ηi, ~πa =
1√
N
N∑
i=1
γai~κi,
{ηri , κsj} = δijδrs, {ηr+, κs+} = δrs, {ρra, πsb} = δabδrs. (3.22)
Then, (in Appendix B of Ref.[12]), we gave the closed form of the canonical transformation
for arbitrary N, which turned out to be point in the momenta but, unlike the non-relativistic
case, non-point in the configurational variables.
Explicitly, for N = 2 we have
Msys =
√
m21 + ~κ
2
1 +
√
m21 + ~κ
2
1, ~Sq = ~ρq × ~πq,
~q+ =
√
m21 + ~κ
2
1 ~η1 +
√
m22 + ~κ
2
2 ~η2√
M2 − ~κ2+
+
(~η1 × ~κ1 + ~η2 × ~κ2)× ~κ+√
M2sys − ~κ2+ (Msys +
√
M2sys − ~κ2+)
−
− (
√
m21 + ~κ
2
1 ~η1 +
√
m22 + ~κ
2
2 ~η2) · ~κ+ ~κ+
Msys
√
M2sys − ~κ2+ (Msys +
√
M2sys − ~κ2+)
,
~κ+ = ~κ1 + ~κ2 ≈ 0,
~πq = ~π − ~κ+√
M2sys − ~κ2+
[1
2
(
√
m21 + ~κ
2
1 −
√
m22 + ~κ
2
2)−
− ~κ+ · ~π
~κ2+
(Msys −
√
M2sys − ~κ2+)
]
≈ ~π,
~ρq = ~ρ+
(√m21 + ~κ21√
m22 + ~π
2
q
+
√
m22 + ~κ
2
2√
m21 + ~π
2
q
) ~κ+ · ~ρ ~πq
Msys
√
M2sys − ~κ2+
≈ ~ρ,
⇒ Msys =
√
M2 + ~κ2+ ≈M =
√
m21 + ~π
2
q +
√
m22 + ~π
2
q . (3.23)
The inverse canonical transformation is
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~ηi = ~q+ −
~Sq × ~κ+√M2 + ~κ2+ (M+√M2 + ~κ2+ +
1
2
[
(−)i+1 −
− 2M~πq · ~κ+ + (m
2
1 −m22)
√M2 + ~κ2+
M2√M2 + ~κ2+
]
·
[
~ρq − ~ρq · ~κ+ ~πq
M√M2 + ~κ2+ (√m21+~κ21√m22+~π2q +
√
m22+~κ
2
2√
m21+~π
2
q
)−1
+ ~πq · ~κ+
]
≈
≈ ~q+ + 1
2
[
(−)i+1 − m
2
1 −m22
M2
]
~ρq,
~κi =
[1
2
+
(−)i+1
M√M2 + ~κ2+
(
~πq · ~κ+ [1− M
~κ2+
(
√
M2 + ~κ2+ −M)] +
+ (m21 −m22)
√
M2 + ~κ2+
)]
~κ+ + (−)i+1 ~πq ≈ (−)i+1 ~πq. (3.24)
For N ≥ 2, the Hamiltonian Msys =
∑N
i=1
√
m2i +N
∑1..N−1
ab γai γbi ~πqa · ~πqb for the
relative motions in the rest frame instant form, is a sum of square roots each containing a
(N − 1) × (N − 1) matrix K−1(i)ab = Nγaiγbi = K−1(i)ba [note that in the non-relativistic limit
only one such matrix appears, namely k−1ab =
∑N
i=1
1
mi
K−1(i)ab of Eqs.(2.3)]. The existence
of relativistic normal Jacobi coordinates would require the simultaneous diagonalization of
these N matrices. This is impossible, however, because
[K−1(i) , K
−1
(j) ]ab = G(ij)ab = −G(ij)ba = −G(ji)ab = −N [γaiγbj − γajγbi]. (3.25)
There are 1
2
N(N − 1) matrices Gij, each one with 12(N − 1)(N − 2) independent elements.
While the conditions G(ij)ab = 0 are
1
4
N(N −1)2(N −2), the free parameters at our disposal
in the γai are only
1
2
(N − 1)(N − 2). For N=3, there are 3 conditions and only 1 parameter;
for N=4, 18 conditions and 3 parameters.
In conclusion: it is impossible to diagonalize the N quadratic forms under the square
roots simultaneously, no relativistic normal Jacobi coordinates exist, and reduced masses
and inertia tensor cannot be defined.
The relative Lagrangian can be worked out in the special case of N=2 with equal masses
(m1 = m2 = m). It results
Lrel(~ρ, ~˙ρ) = −m
√
4− ~˙ρ2. (3.26)
so that the relative velocity is bounded by |~˙ρ| ≤ 2.
Let us write ~ρ = ρρˆ with ρ = |~ρ| and ρˆ = ~ρ
|~ρ|
. With a single relative variable the
three Euler angles θα are redundant: there are only two independent angles, identifying the
position of the unit 3-vector ρˆ on S2. We shall use the parametrization (Euler angles θ1 = φ,
θ2 = θ, θ3 = 0)
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ρˆr = Rrs(θ, φ) ρˆso =
(
Rz(θ)Ry(φ)
)rs
ρˆso, ρˆo = (0, 0, 1). (3.27)
In analogy with Subsection IA of the non-relativistic case, we get the following body
frame velocity and angular velocity (ρ is the only shape variable for N=2)
vˇr = RT rsρ˙s = ρ(RT R˙)rsρˆso + ρ˙ρˆ
r
o = ρǫ
ru3ωˇu + ρ˙ρˆro = ρ(~ω × ρˆo)r + ρ˙ρˆro,
~ω = (
1
2
ǫurs (RT R˙)rs) = (ωˇ1 = −sin θφ˙, ωˇ2 = θ˙, 0),
~v2 = Iˇ(ρ)~ω2 + ρ˙2, Iˇ(ρ) = ρ2. (3.28)
The non-relativistic inertia tensor of the dipole Iˇnr = µρ
2 ( µ = m1m2
m1+m2
is the reduced
mass) is replaced by Iˇ = Iˇnr/µ = ρ
2. The Lagrangian in anholonomic variables become
L˜(~ω, ρ, ρ˙) = −m
√
4− Iˇ(ρ)~ω2 − ρ˙2. (3.29)
It is clear that the bound |~˙ρ| ≤ 2 puts upper limitations upon the kinetic energy of both the
rotational and vibrational motions.
The canonical momenta are
~S =
∂L˜
∂~ω
=
mIˇ(ρ)~ω√
4− Iˇ(ρ)~ω2 − ρ˙2
, π =
∂L˜
∂ρ˙
=
mρ˙√
4− Iˇ(ρ)~ω2 − ρ˙2
. (3.30)
Note that there is no more a linear relation between spin and angular velocity.
When |~˙ρ| varies between 0 and 2 the momenta vary between 0 and ∞, so that in phase
space there is no bound from the limiting light velocity. This shows once more that in
special relativity it is convenient to work in the Hamiltonian framework avoiding relative
and angular velocities.
Since we have
√
4− Iˇ(ρ)~ω2 − ρ˙2 = 2m√
m2+Iˇ−1(ρ)~S2+π2
, the inversion formulas become
~ω =
~S
mIˇ(ρ)
√
4− Iˇ(ρ)~ω2 − ρ˙2 = 2Iˇ
−1(ρ)~S√
m2 + Iˇ−1(ρ)~S2 + π2
,
ρ˙ =
π
m
√
4− Iˇ(ρ)~ω2 − ρ˙2 = 2π√
m2 + Iˇ−1(ρ)~S2 + π2
. (3.31)
Then, the Hamiltonian results
Msys = πρ˙+ ~S · ~ω − L˜ = 2
√
m2 + Iˇ−1(ρ)~S2 + π2. (3.32)
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F. Dynamical body frames and canonical spin bases for N relativistic particles.
For isolated systems the constraint manifold [7] is a stratified manifold with each stra-
tum corresponding to a type of Poincare´ orbit. The main stratum (dense in the constraint
manifold) corresponds to all configurations of the isolated system belonging to time-like
Poincare´ orbits with ǫp2s ≈ ǫM2sys > 0. As said in Ref.[20], this implies that the inter-
nal 3-center-of-mass coordinates have been adapted to the co-adjoint orbits of the internal
realization Poincare´ group. But, since the second Poincare´ invariant (the Pauli-Lubanski
invariant ~W 2s = −p2s ~S2s ) does not appear among the canonical variables, this canonical basis
is not adapted, as yet, to a typical form of canonical action of the Poincare´ group [18] on the
phase space of the isolated system. However, remember that the scheme A for the internal
realization of the Poincare´ group [18] contains the canonical pairs ~κ+, ~q+, S
3
q , arctg
S2q
S1q
, and
the two Casimirs invariants |~Sq| =
√
−W 2/M2sys, Msys =
∑N
i=1
√
m2i + ~κ
2
i .
As a consequence, as shown in Ref.[20], it is possible to construct a canonical basis
including both Poincare´ invariants in such a way that all of the internal coordinates are
adapted to the co-adjoint action of the group and the new internal relative variables are
thereby adapted to the SO(3) group.
In conclusion, in the rest-frame instant form of dynamics the construction of the internal
dynamical body frames and of the internal canonical spin bases is identical to that of the
non-relativistic case. Only the form of the relative Hamiltonian, the invariant mass Msys, is
modified.
G. Action-at-a-distance interacting particles and relativistic orbit theory.
As shown in Ref.[6] and its bibliography (see also Ref.[51]), the action-at-a-distance in-
teractions inside the Wigner hyperplane may be introduced under either the square roots
(scalar and vector potentials) or outside (scalar potential like the Coulomb one) appearing
in the free Hamiltonian. Since a Lagrangian density in presence of action-at-a-distance mu-
tual interactions is not known and since we are working in an instant form of dynamics, the
potentials in the constraints restricted to hyper-planes must be introduced by hand. The
only restriction is that the Poisson brackets of the modified constraints must generate the
same algebra of the free ones.
In the rest-frame instant form the most general Hamiltonian with action-at-a-distance
interactions is
Msys,int =
N∑
i=1
√
m2i + Ui + [
~ki − ~Vi]2 + V, (3.33)
where U = U(~κk, ~ηh − ~ηk), ~Vi = ~Vi(~kj 6=i, ~ηi − ~ηj 6=i), V = Vo(|~ηi − ~ηj|) + V ′(~ki, ~ηi − ~ηj).
If we use the canonical transformation (3.21) defining the relativistic canonical internal 3-
center of mass (now it is interaction-dependent, ~q
(int)
+ ) and relative variables on the Wigner
hyperplane, with the rest-frame conditions ~κ+ ≈ 0, the rest frame Hamiltonian for the
relative motion becomes
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Msys,int ≈
N∑
i=1
√√√√m2i + U˜i + [√N
N−1∑
a=1
γai~πqa − ~˜V i]2 + V˜ , (3.34)
where
U˜i = U([
√
N
N−1∑
a=1
γak~πqa,
1√
N
N−1∑
a=1
(γah − γak)~ρqa),
~˜V i = ~Vi([
√
N
N−1∑
a=1
γaj 6=i~πqa,
1√
N
N−1∑
a=1
(γai − γaj 6=i)~ρqa),
V˜ = Vo(| 1√
N
N−1∑
a=1
(γai − γaj)~ρqa|) + V ′([
√
N
N−1∑
a=1
γai~πqa,
1√
N
N−1∑
a=1
(γai − γaj)~ρqa).(3.35)
In order to build a realization of the internal Poincare’ group, besides Msys,int we need to
know the potentials appearing in the boosts ~Kint (being an instant form, ~κ+ ≈ 0 and ~J are
the free ones). We need therefore the rest-frame energy-momentum tensor of the isolated
system (see later).
Since the 3-centers ~R+ and ~q+ become interaction dependent, the final canonical basis ~q+,
~κ+, ~ρqa, ~πqa is not explicitly known the interacting case. For an isolated system, however,
we have Msys =
√M2 + ~κ2+ ≈ M with M independent of ~q+ ({Msys, ~κ+} = 0 in the
internal Poincare’ algebra). This suggests that the same result should hold true even in the
interacting case. Indeed, by its definition, the Gartenhaus-Schwartz transformation gives
~ρqa ≈ ~ρa, ~πqa ≈ ~πa also in presence of interactions, so that we get
Msys,int|~κ+=0 =
(∑
i
√
m2i + Ui + (~κi − ~Vi)2 + V
)
|~κ+=0 =
√
M2int + ~κ2+|~κ+ =
= Mint|~κ+=0 =
∑
i
√
m2i + U˜i + (~κi − ~˜V i)2 + V˜ , (3.36)
where the potentials U˜i,
~˜V i, V˜ are now functions of ~πqa · ~πqb, ~πqa · ~ρqb, ~ρqa · ~ρqb.
Unlike in the non-relativistic case, the canonical transformation (3.23) is now interaction
dependent (and no more point in the momenta), since ~q+ is determined by a set of Poincare’
generators depending on the interactions. The only thing to do in the generic situation is
therefore to use the free relative variables (3.23) even in the interacting case. We cannot
impose anymore, however, the natural gauge fixings ~q+ ≈ 0 ( ~K ≈ 0) of the free case, since it
is replaced by ~q
(int)
+ ≈ 0 (namely by ~Kint ≈ 0), the only gauge fixing identifying the centroid
with the external Fokker-Pryce 4-center of inertia also in the interacting case. Once written
in terms of the canonical variables (3.23) of the free case, these equations can be solved
for ~q+, which takes a form ~q+ ≈ ~f(~ρaq, ~πaq) as a consequence of the potentials appearing in
the boosts. Therefore, for N = 2, the reconstruction of the relativistic orbit by means of
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Eqs.(3.24) in terms of the relative motion is given by (similar equations hold for arbitrary
N)
~ηi(τ) ≈ ~q+(~ρq, ~πq) + 1
2
[
(−)i+1 − m
2
1 −m22
M2
]
~ρq→c→∞ 1
2
[
(−)i+1 − m1 −m2
m
]
~ρq,
⇒ xµi (τ) = zµwigner(τ, ~ηi(τ)) = xµs (0) + uµ(ps) τ + ǫµr (u(ps)) ηri (τ). (3.37)
While the potentials in Msys,int determine ~ρq(τ) and ~πq(τ) through Hamilton equations,
the potentials in ~Kint determine ~q+(~ρq, ~πq). It is seen, therefore - as it should be expected -
that the relativistic theory of orbits is much more complicated than in the non-relativistic
case, where the absolute orbits ~ηi(t) are proportional to the relative orbit ~ρq(t).
A relevant example of this type of isolated system has been studied in the second paper
of Ref.[6] starting from the isolated system of N charged positive-energy particles (with
Grassmann-valued electric charges Qi = θ
∗ θ, Q2i = 0, QiQj = Qj Qi 6= 0 for i 6= j) plus
the electro-magnetic field. After a Shanmugadhasan canonical transformation, this system
can be expressed only in terms of transverse Dirac observables corresponding to a radiation
gauge for the electro-magnetic field. The expression of the energy-momentum tensor in this
gauge will be shown in the next Subsection IVC (where ~Kint can be calculated). In the
semi-classical approximation of the second paper of Ref.[6], the electro-magnetic degrees
of freedom are re-expressed in terms of the particle variables by means of the Lienard-
Wiechert solution, in the framework of the rest-frame instant form. In this way the exact
semi-classical relativistic form of the action-at-a-distance Darwin potential in the reduced
phase space of the particles has been obtained. Note that this form is independent of the
choice of the Green function in the Lienard-Wiechert solution. In the second paper of Ref.[6]
the associated energy-momentum tensor for the case N = 2 [Eqs.(6.48)] is also given. The
internal energy isMsys =
√M2 + ~κ2+ ≈M =∑2i=1 √m2i + ~π2+Q1Q24π ρ [1+V˜ (~π2, ~π · ~ρρ)] where
V˜ is given in Eqs.(6.34), (6.35) [in Eqs. (6.36), (6.37) for m1 = m2]. The internal boost
~Kint [Eq.(6.46)] allows the determination of the 3-center of energy ~R+ = − ~KintMsys ≈ ~q+ ≈ ~y+
in the present interacting case.
H. An Example of Deformable Continuous System: the Classical Klein-Gordon
Field.
Consider now the problem of separating the relativistic center of mass for isolated special-
relativistic extended systems. In Ref.[46], mainly devoted to the same problem in general
relativity, it is shown that in special relativity there is a unique world-line describing this
notion, corresponding to the centroid xµs (τ) of the rest-frame instant form. The first attempt
to define a collective variable for a relativistic extended body in the Hamiltonian formulation
was done in Ref.[25] in the case of a configuration of the Klein-Gordon field (which is used,
e.g., in the description of bosonic stars). Let us show how the previous kinematical formalism
is working in this case.
The rest-frame instant form for a classical real free Klein-Gordon field [26] φ(τ, ~σ) =
φ˜(zµ(τ, ~σ)) (φ˜(x) is the standard field) on the Wigner hyper-planes is built starting from
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the reformulation of Klein-Gordon action as a parametrized Minkowski theory. The relevant
quantities, as well as the internal and external Poincare’ generators, can be worked out as in
Section III, Subsection A, B, C and D, for N free relativistic particles [qA = (qτ = ω(q); qr),
ω =
√
m2 + ~q2, Ω(q) = (2π)3 2ω(q), dq˜ = d3q/Ω(q)]
a (τ, ~q) =
∫
d3σ [ω (q)φ (τ, ~σ) + iπ (τ, ~σ)] ei(ω(q)τ−~q·~σ),
a∗ (τ, ~q) =
∫
d3σ [ω (q)φ (τ, ~σ)− iπ (τ, ~σ)] e−i(ω(q)τ−~q·~σ),
φ (τ, ~σ) =
∫
dq˜
[
a (τ, ~q) e−i(ω(q)τ−~q·~σ) + a∗ (τ, ~q) e+i(ω(q)τ−~q·~σ)
]
,
π (τ, ~σ) = −i
∫
dq˜ ω (q)
[
a (τ, ~q) e−i(ω(q)τ−~q·~σ) − a∗ (τ, ~q) e+i(ω(~q)τ−~q·~σ)] ,
{φ(τ~σ), π(τ, ~σ1} = δ3(~σ − ~σ1),
{
a (τ, ~q) , a∗
(
τ,~k
)}
= −iΩ (q) δ3
(
~q − ~k
)
.
(3.38)
Mφ = P
τ
φ =
1
2
∫
d3σ
[
π2 + (~∂φ)2 +m2φ2
]
(τ, ~σ) =
∫
dq˜ ω (q) a∗ (τ, ~q) a (τ, ~q) ,
~Pφ =
∫
d3σ[π~∂φ](τ, ~σ) =
∫
dq˜ ~q a∗ (τ, ~q) a (τ, ~q) ≈ 0,
Jrsφ =
∫
d3σ[π(σr∂s − σs∂r)φ](τ, ~σ) =
= −i
∫
dq˜ a∗ (τ, ~q)
(
qr
∂
∂qs
− qs ∂
∂qr
)
a (τ, ~q) ,
Jτrφ = −τP rφ +
1
2
∫
d3σ σr [π2 + (~∂φ)2 +m2φ2](τ, ~σ) =
= −τP rφ + i
∫
dq˜ ω (q) a∗ (τ, ~q)
∂
∂qr
a (τ, ~q) ,
pµs
J ijs = x˜
i
sp
j
s − x˜jspis + δirδjsS¯rss , Jois = x˜ospis − x˜ispos −
δirS¯rss p
s
s
pos + ǫs
,
S¯rss ≡ Srsφ = Jrsφ |~Pφ=0 =
∫
d3σ{σr[π∂sφ](τ, ~σ)− (r ↔ s)}|~Pφ=0. (3.39)
Here x˜µs is the usual canonical non-covariant 4-center of mass of Eq.(3.9). We are working
on Wigner hyper-planes with τ ≡ Ts, so that the Hamiltonian (3.12) is HD =Mφ−~λ(τ) · ~Pφ.
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We want to construct four variables XAφ [φ, π] = (X
τ
φ ;
~Xφ) canonically conjugated to
PAφ [φ, π] = (P
τ
φ ;
~Pφ). First of all we make a canonical transformation to modulus-phase
canonical variables
a (τ, ~q) =
√
I (τ, ~q) e[iϕ(τ,~q)], I (τ, ~q) = a∗ (τ, ~q) a (τ, ~q) ,
a∗ (τ, ~q) =
√
I (τ, ~q) e[−iϕ(τ,~q)], ϕ (τ, ~q) =
1
2i
ln
[
a (τ, ~q)
a∗ (τ, ~q)
]
,
{I (τ, ~q) , ϕ (τ, ~q′)} = Ω(q) δ3 (~q − ~q′) . (3.40)
In terms of the original canonical variables φ, π, we have
I(τ, ~q) =
∫
d3σ
∫
d3σ′ ei~q·(~σ−~σ
′)[ω(q)φ(τ, ~σ)− iπ(τ, ~σ)][ω(q)φ(τ, ~σ′) + iπ(τ, ~σ′)],
ϕ(τ, ~q) =
1
2i
ln
[ ∫ d3σ [ω(q)φ(τ, ~σ) + iπ(τ, ~σ)]ei(ω(q)τ−~q·~σ)∫
d3σ′ [ω(q)φ(τ, ~σ′)− iπ(τ, ~σ′)]e−i(ω(q)τ−~q·~σ′)
]
=
= ω(q) τ +
1
2i
ln
[ ∫ d3σ [ω(q)φ(τ, ~σ) + iπ(τ, ~σ)]e−i~q·~σ∫
d3σ′ [ω(q)φ(τ, ~σ′)− iπ(τ, ~σ′)]ei~q·~σ′
]
,
φ (τ, ~σ) =
∫
dq˜
√
I (τ, ~q)
[
eiϕ(τ,~q)−i(ω(q)τ−~q·~σ) + e−iϕ(τ,~q)+i(ω(q)τ−~q·~σ)
]
,
π (τ, ~σ) = −i
∫
dq˜ ω (q)
√
I (τ, ~q)
[
eiϕ(τ,~q)−i(ω(q)τ−~q·~σ) − e−iϕ(τ,~q)+i(ω(q)τ−~q·~σ)] . (3.41)
Then, the internal Poincare´ charges of the field configuration take the form
P τφ =
∫
dq˜ ω (q) I (τ, ~q) , ~Pφ =
∫
dq˜ ~q I (τ, ~q) ≈ 0,
Jrsφ =
∫
dq˜ I (τ, ~q)
(
qr
∂
∂qs
− qs ∂
∂qr
)
ϕ (τ, ~q) ,
Jτrφ = −τP rφ −
∫
dq˜ ω (q) I (τ, ~q)
∂
∂qr
ϕ (τ, ~q) , (3.42)
while the classical analogue of the occupation number is [△ = −~∂2]
Nφ =
∫
dq˜ a∗(τ, ~q)a(τ, ~q) =
∫
dq˜ I(τ, ~q) =
=
1
2
∫
d3σ[π
1√
m2 +△ + φ
√
m2 +△]φ(τ, ~σ). (3.43)
37
1. Definition of the collective variables.
Define the four functionals of the phases
Xτφ =
∫
dq˜ω(q)F τ (q)ϕ (τ, ~q) , ~Xφ =
∫
dq˜~q F (q)ϕ (τ, ~q) ,
⇒ {Xrφ, Xsφ} = 0, {Xτφ , Xrφ} = 0. (3.44)
depending on two Lorentz scalar functions F τ (q), F (q). Their form will be restricted by the
following requirements implying that XAφ and P
A
φ are canonical variables{
P τφ , X
τ
φ
}
= 1,
{
P rφ , X
s
φ
}
= −δrs, {P rφ , Xτφ} = 0, {P τφ , Xrφ} = 0, (3.45)
Since
{
P τφ , X
τ
φ
}
=
∫
dq˜ω2 (q)F τ (q) and
{
P rφ , X
s
φ
}
=
∫
dq˜ qrqs F (q), we must impose the
following normalizations for F τ (q), F (q)∫
dq˜ω2(q)F τ (q) = 1,
∫
dq˜ qrqsF (q) = −δrs. (3.46)
Moreover,
{
P rφ , X
τ
φ
}
=
∫
dq˜ω(q)qrF τ (q) and
{
P τφ , X
r
φ
}
=
∫
dq˜ω(q) qrF (q) , imply the
conditions ∫
dq˜ω(q) qrF τ (q) = 0,
∫
dq˜ω(q) qrF (q) = 0. (3.47)
that are automatically satisfied since F τ (q), F (q), q = |~q|, are even under qr → −qr.
A solution of Eqs.(3.47) is
F τ (q) =
16π2
mq2
√
m2 + q2
e−
4pi
m2
q2 , F (q) = −48π
2
mq4
√
m2 + q2 e−
4pi
m2
q2 . (3.48)
The singularity in ~q = 0 requires ϕ(τ, ~q)→q→0 qη, η > 0 for the existence of Xτφ , ~Xφ.
Note that for field configurations φ(τ, ~σ) such that the Fourier transform φˆ(τ, ~q) has
compact support in a sphere centered at ~q = 0 of volume V, we get Xτφ = − 1V
∫
d3q
ω(q)
ϕ(τ, ~q),
~Xφ =
1
V
∫
d3q 3~q
~q2
ϕ(τ, ~q).
2. Auxiliary relative variables.
As in Ref.[25], let us define an auxiliary relative action variable and an auxiliary relative
phase variable
Iˆ (τ, ~q) = I (τ, ~q)− F τ (q)P τφω (q) + F (q) ~q · ~Pφ,
ϕˆ (τ, ~q) = ϕ (τ, ~q)− ω (q)Xτφ + ~q · ~Xφ. (3.49)
The previous canonicity conditions on F τ (q), F (q), imply
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∫
dq˜ ω (q) Iˆ (τ, ~q) = 0,
∫
dq˜ qi Iˆ (τ, ~q) = 0,∫
dq˜F τ (q)ω (q) ϕˆ (τ, ~q) dq˜ = 0,
∫
dq˜F (q) qi ϕˆ (τ, ~q) = 0. (3.50)
Such auxiliary variables have the following non-zero Poisson brackets
{
Iˆ
(
τ,~k
)
, ϕˆ (τ, ~q)
}
= ∆
(
~k, ~q
)
=
= Ω(k) δ3
(
~k − ~q
)
− F τ (k)ω (k)ω (q) + F (k)~k · ~q. (3.51)
The distribution ∆
(
~k, ~q
)
has the semigroup property and satisfies the four constraints
∫
dq˜∆
(
~k, ~q
)
∆
(
~q,~k′
)
= ∆
(
~k,~k′
)
,
∫
dq˜ ω (q)∆
(
~q,~k
)
= 0,
∫
dq˜ qr∆
(
~q,~k
)
= 0,
∫
dq˜ F τ (q)ω (q)∆
(
~k, ~q
)
= 0,
∫
dq˜ qr F (q)∆
(
~k, ~q
)
= 0. (3.52)
At this stage the canonical variables I(τ, ~q), ϕ(τ, ~q) for the Klein-Gordon field are replaced
by the non-canonical set Xτφ , P
τ
φ ,
~Xφ, ~Pφ, Iˆ(τ, ~q), ϕˆ(τ, ~q) with Poisson brackets
{
P τφ , X
τ
φ
}
= 1,
{
P rφ , X
s
φ
}
= −δrs, {P rφ , Xτφ} = 0, {P τφ , Xrφ} = 0,{
Xrφ, X
s
φ
}
= 0,
{
Xτφ , X
r
φ
}
= 0,
{
PAφ , P
B
φ
}
= 0, A,B = (τ, r),{
P τφ , Iˆ (τ, ~q)
}
= 0,
{
P rφ , Iˆ (τ, ~q)
}
= 0,
{
Iˆ (τ, ~q) , Xτφ
}
= 0,
{
Iˆ (τ, ~q) , Xrφ
}
= 0,{
Xrφ, ϕˆ (τ, ~q)
}
= 0,
{
Xτφ , ϕˆ (τ, ~q)
}
= 0,
{
P rφ , ϕˆ (τ, ~q)
}
= 0,
{
P τφ , ϕˆ (τ, ~q)
}
= 0,{
Iˆ
(
τ,~k
)
, ϕˆ (τ, ~q)
}
= Ω(k) δ3
(
~k − ~q
)
− F τ (k)ω (k)ω (q) + F (k)~k · ~q. (3.53)
Note finally that the generators of the internal Lorentz group are already decomposed
into the collective and the relative parts, each satisfying the Lorentz algebra and having
vanishing mutual Poisson brackets
Jrsφ = L
rs
φ + Sˆ
rs
φ ,
Lrsφ = X
r
φP
s
φ −XsφP rφ , Sˆrsφ =
∫
dq˜ Iˆ (τ, ~q)
(
qr
∂
∂qs
− qs ∂
∂qr
)
ϕˆ (τ, ~q) ,
Jτrφ = L
τr
φ + Sˆ
τr
φ ,
Lτrφ = [X
τ
φ − τ ]P rφ −XrφP τφ , Sˆτrφ = −
∫
dq˜ ω (q) Iˆ (τ, ~q)
∂
∂qr
ϕˆ (τ, ~q) . (3.54)
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3. Canonical relative variables.
Now we must find the relative canonical variables hidden inside the auxiliary ones. They
are not free but satisfy Eqs.(3.50). As in Ref.[25], let us introduce the following differential
operator [△LB is the Laplace-Beltrami operator of the mass shell sub-manifold H13 (see
Ref.[25, 26])]
D~q = 3−m2△LB =
= 3−m2

 3∑
i=1
(
∂
∂qi
)2
+
2
m2
3∑
i=1
qi
∂
∂qi
+
1
m2
(
3∑
i=1
qi
∂
∂qi
)2 . (3.55)
Note that, being invariant under Wigner’s rotations, is a scalar on the Wigner hyperplane.
Since ω (q) and ~q are null modes of this operator [25], we can put
Iˆ (τ, ~q) = D~qH(τ, ~q), H (τ, ~q) =
∫
dk˜ G
(
~q,~k
)
Iˆ
(
τ,~k
)
, (3.56)
with G
(
~q,~k
)
the Green function of D~q (see Refs.[25] for its expression)
D~qG
(
~q,~k
)
= Ω(k) δ3
(
~k − ~q
)
. (3.57)
Like in Ref.[25], for each zero mode fo(~q) of D~q [D~q fo(~q) = 0] for which
| ∫ dq˜ fo(~q)Iˆ(τ, ~q)| <∞, integrating by parts, we get
∫
dq˜ fo(~q)Iˆ(τ, ~q) =
∫
dq˜ fo(~q)D~qH(τ, ~q) =
= − 1
2(2π)3
∫
d3q
∂
∂qr
(m2δrs + qrqs
ω(q)
[
fo(~q)
∂
∂qs
H(τ, ~q)−H(τ, ~q) ∂
∂qs
fo(~q)
])
.
(3.58)
The boundary conditions (ensuring finite Poincare´ generators)
H(τ, ~q) →q→0 q−1+ǫ, ǫ > 0,
H(τ, ~q) →q→∞ q−3−σ, σ > 0, (3.59)
imply
∫
dq˜ fo(~q)Iˆ(τ, ~q) = 0 (so that the first two conditions (3.50) are also satisfied), or∫
dq˜ fo(~q)I(τ, ~q) = P
τ
φ
∫
dq˜ ω(q)fo(~q)F
τ (q)− ~Pφ ·
∫
dq˜ ~q fo(~q)F (q). (3.60)
It is shown in Ref.[25] that, by restricting ourselves to field configurations for which
I(τ, ~q)→q→0 q−3+η with η ∈ (0, 1] and by imposing the following restriction on φ(τ, ~σ) and
π(τ, ~σ) = ∂τφ(τ, ~σ)
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Pl0 = const.
∫
dq˜ ql 2F1(
l − 1
2
,
l + 3
2
; l +
3
2
;−q2) Yl0(θ, ϕ)∫
d3σ
∫
d3σ
′
ei~q·(~σ−~σ
′
)
[
(m2 + q2)φ(τ, ~σ)φ(τ, ~σ
′
) + π(τ, ~σ)π(τ, ~σ
′
)
]
= 0. (3.61)
we can identify the class of the Klein-Gordon field configurations that is compatible with
the previous canonical transformation and lead to a unique realization of the Poincare´ group
without any ambiguity
We can satisfy the constraints (3.50) on ϕˆ(τ, ~q) with the definition [D~qω(q) = D~q~q = 0]
ϕˆ(τ, ~q) =
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′, ~q),
K(τ, ~q) = D~qϕˆ(τ, ~q) = D~qϕ(τ, ~q),
→q→∞ q1−ǫ, ǫ > 0, →q→0 qη−2, η > 0, (3.62)
which also imply
{
H (τ, ~q) , Xτφ
}
= 0,
{
H (τ, ~q) , P τφ
}
= 0,{
H (τ, ~q) , Xrφ
}
= 0,
{
H (τ, ~q) , P rφ
}
= 0,{
K (τ, ~q) , Xτφ
}
= 0,
{
K (τ, ~q) , P τφ
}
= 0,{
K (τ, ~q) , Xrφ
}
= 0,
{
K (τ, ~q) , P rφ
}
= 0,
{H (τ, ~q) ,K (τ, ~q′)} = Ω(q) δ3 (~q − ~q′) . (3.63)
The final decomposition of the internal Lorentz generators is
Jrsφ = L
rs
φ + S
rs
φ ,
Lrsφ = X
r
φP
s
φ −XsφP rφ , Srsφ =
∫
dk˜H
(
τ,~k
)(
kr
∂
∂ks
− ks ∂
∂kr
)
K
(
τ,~k
)
,
Jτrφ = L
τr
φ + S
τr
φ ,
Lτrφ = (X
τ
φ − τ)P rφ −XrφP τφ , Sτrφ = −
∫
dq˜ω (q)H (τ, ~q)
∂
∂qr
K (τ, ~q) . (3.64)
4. Field variables in terms of collective-relative variables.
We have found the canonical transformation
I (τ, ~q) = F τ(q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q),
ϕ(τ, ~q) =
∫
dk˜
∫
dk˜′K(τ,~k)G
(
~k,~k′
)
∆
(
~k′, ~q
)
+ ω (q)Xτφ − ~q · ~Xφ,
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Nφ = P
τ
φ
∫
dq˜ ω(q)F τ(q)− ~Pφ ·
∫
dq˜ ~qF (q) +
∫
dq˜D~qH(τ, ~q) =
= c˜
P τφ
m
+
∫
dq˜D~qH(τ, ~q),
c˜ = c˜(m) = m
∫
dq˜ω(q)F τ(q) = 2
∫ ∞
0
dq√
m2 + q2
e−
4pi
m2
q2 = 2e4π
∫ ∞
m
dx√
x2 −m2 e
− 4pi
m2
x2 ,
(3.65)
with the two functions F τ (q), F (q) given in Eqs.(3.48). Its inverse is
P τφ =
∫
dq˜ω(q)I(τ, ~q) =
1
2
∫
d3σ
[
π2 + (~∂φ)2 +m2φ2
]
(τ, ~σ),
~Pφ =
∫
dq˜~q I(τ, ~q) =
∫
d3σ
[
π~∂φ
]
(τ, ~σ),
Xτφ =
∫
dq˜ω(q)F τ(q)ϕ(τ, ~q) = τ +
+
1
2πim
∫
d3q
e−
4pi
m2
q2
q2 ω(q)
ln
[ ω(q) ∫ d3σei~q·~σφ(τ, ~σ) + i ∫ d3σei~q·~σπ(τ, ~σ)
ω(q)
∫
d3σe−i~q·~σφ(τ, ~σ)− i ∫ d3σe−i~q·~σπ(τ, ~σ)
]
=
def
= τ + X˜τφ , ⇒ Lτrφ = X˜τφP rφ −XrφP τφ ,
~Xφ =
∫
dq˜~q F (q)ϕ(τ, ~q) =
=
2i
πm
∫
d3q
qi
q4
e−
4pi
m2
q2ln
[ √m2 + q2 ∫ d3σei~q·~σφ(τ, ~σ) + i ∫ d3σei~q·~σπ(τ, ~σ)√
m2 + q2
∫
d3σe−i~q·~σφ(τ, ~σ)− i ∫ d3σe−i~q·~σπ(τ, ~σ)
]
,
H(τ, ~q) =
∫
dk˜G(~q,~k)[I(τ,~k)− F τ (k)ω(k)
∫
dq˜1ω(q1)I(τ, ~q1) +
+ F (k)~k ·
∫
dq˜1~q1 I(τ, ~q1)] =
=
∫
d3σ1d
3σ2
[
π(τ, ~σ1)π(τ, ~σ2)
∫
dk˜G(~q,~k)
∫
dk˜1△(~k,~k1)ei~k1·(~σ1−~σ2) +
+ φ(τ, ~σ1)φ(τ, ~σ2)
∫
dk˜G(~q,~k)
∫
dk˜1ω
2(k1)△(~k,~k1)ei~k1·(~σ1−~σ2) −
− i
(
π(τ, ~σ1)φ(τ, ~σ2) + π(τ, ~σ2)φ(τ, ~σ1)
)
∫
dk˜G(~q,~k)
∫
dk˜1ω(k1)△(~k.~k1)ei~k1·(~σ1−~σ2)
]
,
K(τ, ~q) = D~qϕˆ(τ, ~q) = D~qϕ(τ, ~q) =
=
1
2i
D~q ln
[ ∫
d3σ [ω (q)φ (τ, ~σ) + iπ (τ, ~σ)] e−i~q·~σ∫
d3σ′ [ω (q)φ (τ, ~σ′)− iπ (τ, ~σ′)] ei~q·~σ′
]
. (3.66)
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The remaining canonical variables a(τ, ~q), φ(τ, ~σ), π(τ, ~σ), can be worked out in terms of
the final ones
a(τ, ~q) =
√
F τ(q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q)
ei[ω(q)X
τ
φ
−~q· ~Xφ]+i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q),
Nφ = c˜
P τφ
m
−+
∫
dk˜D~kH(τ,~k), (3.67)
φ(τ, ~σ) =
∫
dq˜
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q)[
e−i[ω(q)(τ−X
τ
φ)−~q·(~σ− ~Xφ)]+i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q) +
+ ei[ω(q)(τ−X
τ
φ)−~q·(~σ− ~Xφ)]−i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q)
]
=
= 2
∫
dq˜A~q(τ ;P
A
φ ,H] cos
[
~q · ~σ +B~q(τ ;XAφ ,K]
]
,
π(τ, ~σ) = −i
∫
dq˜ω(q)
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q)[
e−i[ω(q)(τ−X
τ
φ)−~q·(~σ− ~Xφ)]+i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q) −
− e+i[ω(q)(τ−Xτφ)−~q·(~σ− ~Xφ)]−i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q)
]
=
= −2
∫
dq˜ω(q)A~q(τ ;P
A
φ ,H] sin
[
~q · ~σ +B~q(τ ;XAφ ,K]
]
,
A~q(τ ;P
A
φ ,H] =
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q) =
√
I(τ, ~q),
B~q(τ ;X
A
φ ,K] = −~q · ~Xφ − ω(q)(τ −Xτφ) +
∫
dk˜dk˜
′
K(τ,~k)G(~k,~k′)△(~k′, ~q) =
= ϕ(τ, ~q)− ω(q)τ. (3.68)
Summarizing, the Klein-Gordon field configuration is described by:
i) its energy P τφ = Mφ, i.e. its invariant mass, and the conjugate field time-variable
Xτφ
def
= τ + X˜τφ (τ ≡ Ts), which is equal to τ plus some kind of internal time X˜τφ (note that in
the N-body case this variable does not exist: Msys is a given function of the other canonical
variables and not an independent canonical variable like here);
ii) the conjugate reduced canonical variables of a free point ~Xφ, ~Pφ ≈ 0 (see ~η+ and ~κ+ ≈ 0
of Eqs.(3.22) in the N-body case);
iii) an infinite set of canonically conjugate relative variables H(τ, ~q), K(τ, ~q) (~ρa and ~πa of
Eq.(3.22) in the N-body case).
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While the set iii) describes an infinite set of canonical relative variables with respect to the
relativistic collective variables of the sets i) and ii), the sets i) and ii) describe a monopole
field configuration, which depends only on 8 degrees of freedom like a scalar particle at
rest [~Pφ ≈ 0] with mass Ms =
√
(P τφ )
2 − ~P 2φ ≈ P τφ but without the mass-shell condition
Ms ≈ const., corresponding to the decoupled collective variables of the field configuration.
The conditions H(τ, ~q) = K(τ, ~q) = 0 select the class of field configurations, solutions of the
Klein-Gordon equation, which are of the monopole type on the Wigner hyperplanes
φmon(τ, ~σ) = 2
∫
dq˜
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφcos
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
≈
≈ 2
√
P τφ
∫
dq˜
√
F τ (q)ω(q)cos
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
,
πmon(τ, ~σ) = −2
∫
dq˜
√
F τ(q)ω(q)P τφ − F (q)~q · ~Pφsin
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
≈
≈ −2
√
P τφ
∫
dq˜
√
F τ (q)ω(q)sin
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
. (3.69)
If we add the gauge-fixings ~Xφ ≈ 0 to ~Pφ ≈ 0 (this implies ~λ(τ) = 0 and HD = Mφ) and
go to Dirac brackets, the rest-frame instant-form canonical variables of the Klein-Gordon
field in the gauge τ ≡ Ts are (in the following formulas it holds Ts −Xτφ = −X˜τφ)
a(Ts, ~q) =
√
F τ (q)ω(q)P τφ +D~qH(Ts, ~q)
ei[ω(q)X˜
τ
φ
+~q·~σ]+i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q),
Nφ = c˜
P τφ
m
+
∫
dq˜D~qH(Ts, ~q),
φ(Ts, ~σ) =
∫
dq˜
√
F τ (q)ω(q)P τφ +D~qH(Ts, ~q)[
ei[ω(q)X˜
τ
φ
+~q·~σ]+i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q) +
+ e−i[ω(q)X˜
τ
φ
+~q·~σ]−i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q)
]
=
= 2
∫
dq˜A~q(Ts;P
τ
φ ,H] cos
[
~q · ~σ +B~q(Ts; X˜τφ ,K]
]
,
π(Ts, ~σ) = −i
∫
dq˜ω(q)
√
F τ(q)ω(q)P τφ +D~qH(Ts, ~q)[
ei[ω(q)X˜
τ
φ
+~q·~σ]+i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q) −
− e−i[ω(q)X˜τφ+~q·~σ]−i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q)
]
=
= −2
∫
dq˜ ω(q)A~q(Ts;P
τ
φ ,H] sin
[
~q · ~σ +B~q(Ts; X˜τφ,K]
]
,
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A~q(Ts;P
τ
φ ,H] =
√
F τ (q)ω(q)P τφ +D~qH(Ts, ~q) =
√
I(Ts, ~q),
B~q(Ts;X
τ
φ ,K] =
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q) + ω(q)X˜τφ =
= ϕ(Ts, ~q)− ω(q)Ts. (3.70)
The Hamiltonian HD = Mφ = P
τ
φ generates the following evolution in Ts (
◦
= means
evaluated on the equations of motion)
∂
∂Ts
Xτφ
◦
= {Xτφ, P τφ } = −1, ⇒ Xτφ ◦= − Ts,
∂
∂Ts
P τφ
◦
=0,
∂
∂Ts
H(Ts, ~q)
◦
=0,
∂
∂Ts
K(Ts, ~q)
◦
=0,
⇒ ∂
∂Ts
A~q(Ts;P
τ
φ ,H] =
∂
∂Ts
B~q(Ts; X˜
τ
φ ,K]
◦
=0,
∂
∂Ts
φ(Ts, ~σ)
◦
= − ∂
∂Xτφ
φ(Ts, ~σ) = π(Ts, ~σ),
∂
∂Ts
π(Ts, ~σ)
◦
= − ∂
∂Xτφ
π(Ts, ~σ) = −[△+m2]φ(Ts, ~σ),
⇒ ( ∂
2
∂T 2s
− ∂
2
∂~σ2
+m2)φ(Ts, ~σ)
◦
=0. (3.71)
Therefore, in the free case H(Ts, ~q), K(Ts, ~q) are constants of the motion (complete
integrability and Liouville theorem for the free Klein-Gordon field). Since the canon-
ical variable P τφ is the Hamiltonian for the evolution in Ts ≡ τ , we need the inter-
nal variable Xτφ = τ + X˜
τ
φ (i.e. the internal time variable X˜
τ
φ) to write Hamilton’s
equations ∂
∂Ts
F
◦
= {F, P τφ} = − ∂F∂Xτ
φ
= − ∂F
∂X˜τ
φ
; in the free case we have ∂
∂Ts
◦
= − ∂
∂Xτ
φ
on φ(Ts, ~σ)[X
τ
φ , P
τ
φ ,H,K] and π(Ts, ~σ)[X
τ
φ , P
τ
φ ,H,K], so that the evolution in the time
Xτφ = Ts + X˜
τ
φ , which takes place inside the Wigner hyperplane and which can be in-
terpreted as an evolution in the internal time X˜τφ , is equal and opposite to the evolution in
the rest-frame time Ts from a Wigner hyperplane to the next one in the free case.
By adding the two second-class constraints Xτφ − Ts = X˜τφ ≈ 0, P τφ − const. ≈ 0, and by
going to Dirac brackets, we get the rest-frame Hamilton-Jacobi formulation corresponding
to the given constant value of the total energy: the field φ(Ts, ~σ), which is Ts-independent
depending only upon the internal time X˜τφ , becomes now even X˜
τ
φ- independent. We find in
this way a symplectic subspace (spanned by the canonical variables H, K) of each constant
energy (P τφ = const.) surface of the Klein-Gordon field. Each constant energy surface is
not a symplectic manifold. However, it turns out to be the disjoint union (over X˜τφ) of the
symplectic manifolds determined by X˜τφ = const., P
τ
φ = const.
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While the definitions of Subsection IIIC of the three external 4- and 3-center of mass is
not changed, the three internal 3-centers of mass ~qφ, ~Rφ and ~Yφ of Subsection IIID have to be
built by using the internal Poincare’ generators (3.64) in Eqs. (3.16)-(3.19). In particular,
the boosts are ~Kφ = X˜φ ~Pφ −Mφ ~Xφ + ~KS,φdef= −Mφ ~Rφ with KrS,φ = −Sˆτrφ . Again, ~Pφ ≈ 0
implies ~qφ ≈ ~Rφ ≈ ~Yφ, the gauge fixing ~qφ ≈ 0 implies ~Kφ ≈ 0, ~λ(τ) = 0, and the selection
of the centroid (3.20) that coincides with the external Fokker-Pryce 4-center of inertia.
The 4-momentum of the field configuration is peaked on this world-line while the canonical
variables H
′
(τ, ~q), K
′
(τ, ~q) characterize the relative motions with respect to the monopole
configuration of Eq.(3.69) describing the center of mass of the field configuration.
As in the N-body case (~η+ 6= ~q+), the canonical 3-center of mass ~qφ does not coincide with
~Xφ, which in turn could be better defined as the center of phase of the field configuration.
While the gauge fixing ~Xφ ≈ 0, used to get Eqs.(3.70), implies ~Kφ ≈ ~KS,φ 6= 0, the gauge
fixing ~qφ ≈ 0 implies ~Xφ ≈ − ~KS,φ/Mφ (in fact it is Møller’s definition of the 3-center of
energy but only in terms of the spin part of the boost).
Note that, like in Subsection IIIE for the N-body case, there should exist a canonical
transformation from the canonical basis X˜τφ , Mφ = P
τ
φ ,
~Xφ, ~Pφ ≈ 0, H(τ,~k), K(τ,~k), to a
new basis qτφ, M
q
φ =
√
(P τφ )
2 − ~P 2φ ≈ Mφ (since {~qφ, P τφ} = ~Pφ/P τφ ≈ 0 is only weakly zero),
~qφ, ~Pφ ≈ 0, Hq(τ,~k), Kq(τ,~k) containing relative variables with respect to the true center
of mass of the field configuration
X˜φ ~Xφ H(τ,~k)
Mφ ~Pφ ≈ 0 K(τ,~k)
−→ q
τ
φ ~qφ Hq(τ,
~k)
M qφ ≈ Mφ ~Pφ ≈ 0 Kq(τ,~k)
. (3.72)
It does not seem easy, however, to characterize this final canonical basis. Besides the
extension of the Gartenhaus-Schwartz methods from particles to fields (so that Hq ≈ H,
Kq ≈ K), the real problem is finding the new internal time variable qτφ.
In final canonical basis we would have still Eqs.(3.70) but with Hq(τ,~k) and Kq(τ,~k)
replacing H(τ,~k) and K(τ,~k) and with qτφ replacing X˜φ as internal time. Since both the
gauge fixings ~qφ ≈ 0 and ~Xφ ≈ 0 give ~λ(τ) = 0, both of them identify the same centroid
(3.20) but lead to different internal times and relative variables connected by the canonical
transformation (3.72).
It is under investigation [52] the problem of characterizing the configurations of the real
Klein-Gordon field in terms of dynamical body frames and canonical spin bases, to the
effect of finding its orientation-shape variables. Ref.[26] contains also the treatment of the
coupling of the real Klein-Gordon field to scalar particles and that of the charged (complex)
Klein-Gordon field to electro-magnetic field. The collective and relative variables of the
electro-magnetic field are now under investigation: they could be relevant for the problem of
phases in optics and laser physics [53]. Finally, Ref.[27] contains the analysis of relativistic
perfect fluids along these lines.
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IV. THE MULTIPOLAR EXPANSION.
In practice one is neither able to follow the motion of the particles of an open cluster in
interaction with the environment nor to describe extended continuous bodies (for instance a
satellite or a star), unless either the cluster or the body is approximated with a multi-polar
expansion (often a pole-dipole approximation is enough).
In this Section, after the treatment of the non-relativistic case in Subsection A, we show
that the rest-frame instant form provides the natural framework for studying relativistic
multipolar expansions of N free particles (Subsection B), of open clusters of particles (Sub-
section C) and of the classical Klein-Gordon field (Subsection D) as a prototype of extended
continuous systems (perfect fluids, electro-magnetic field,...).
A. The non-relativistic case.
The review paper of Ref.[29] contains the Newtonian multipolar expansions for a con-
tinuum isentropic distribution of matter characterized by a mass density ρ(t, ~σ), a velocity
field U r(t, ~σ), and a stress tensor σrs(t, ~σ), with ρ(t, ~σ)~U(t, ~σ) the momentum density. In
case the system is isolated, the only dynamical equations are the mass conservation and the
continuity equations of motion
∂ρ(t, ~σ)
∂t
− ∂ρ(t, ~σ)U
r(t, ~σ)
∂σr
= 0,
∂ρ(t, ~σ)U r(t, ~σ)
∂t
− ∂[ρU
rUs − σrs](t, ~σ)
∂σs
◦
=0, (4.1)
respectively.
This description can be adapted to an isolated system of N particles in the following way.
The mass density
ρ(t, ~σ) =
N∑
i=1
miδ
3(~σ − ~ηi(t)), (4.2)
satisfies
∂ρ(t, ~σ)
∂t
= −
N∑
i=1
mi~˙ηi(t) · ~∂~ηiδ3(~σ − ~ηi(t)) def=
∂
∂σr
[ρU r](t, ~σ), (4.3)
while the momentum density (this can be taken as the definitory equation for the velocity
field) is
ρ(t, ~σ)U r(t, ~σ) =
N∑
i=1
mi~˙ηi(t)δ
3(~σ − ~ηi(t)). (4.4)
The associated constant of motion is the total mass m =
∑N
i=1.
Introducing a function ζ(~σ, ~ηi) concentrated in the N points ~ηi, i=1,..,N, such that
ζ(~σ, ~ηi) = 0 for ~σ 6= ~ηi and ζ(~ηi, ~ηj) = δij (it is a limit concept deriving from the char-
acteristic function of a manifold), the velocity field associated to N particles becomes
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~U(t, ~σ) =
N∑
i=1
~˙ηi(t)ζ(~σ, ~ηi(t)). (4.5)
The continuity equations of motion are replaced by
∂
∂t
[ρ(t, ~σ)U r(t, ~σ)]
◦
=
∂
∂σs
N∑
i=1
miη˙
r
i (t)η˙
s
i (t)δ
3(~σ − ~ηi(t)) +
N∑
i=1
miη¨
r
i (t) =
def
=
∂[ρU rUs − σrs](t, ~σ)
∂σs
. (4.6)
For a system of free particles we have ~¨ηi(t)
◦
=0 so that σrs(t, ~σ) = 0. If there are inter-
particle interactions, they will determine the effective stress tensor.
Consider now an arbitrary point ~η(t). The multipole moments of the mass density ρ, the
momentum density ρ~U and the stress-like density ρU rUs, with respect to the point ~η(t), are
defined by setting (N ≥ 0)
mr1...rn[~η(t)] =
∫
d3σ[σr1 − ηr1(t)]...[σrn − ηrn(t)]ρ(τ, ~σ) =
=
N∑
i=1
mi[η
r1
i (τ)− ηr1(t)]...[ηrni (t)− ηrn(t)],
n = 0 m[~η(t)] = m =
N∑
i=1
mi,
pr1...rnr[~η(t)] =
∫
d3σ[σr1 − ηr1(t)]...[σrn − ηrn(t)]ρ(t, ~σ)U r(t, ~σ) =
=
N∑
i=1
miη˙
r
i (t)[η
r1
i (t)− ηr1(t)]...[ηrni (t)− ηrn(t)],
n = 0 pr[~η(t)] =
N∑
i=1
miη˙i(t) =
N∑
i=1
κri = κ
r
+ ≈ 0,
pr1...rnrs[~η(t)] =
∫
d3σ[σr1 − ηr1(t)]...[σrn − ηrn(t)]ρ(t, ~σ)U r(t, ~σ)Us(t, ~σ) =
=
N∑
i=1
miη˙
r
i (t)η˙
s
i (t)[η
r1
i (t)− ηr1(t)]...[ηrni (t)− ηrn(t)]. (4.7)
The mass monopole is the conserved mass, while the momentum monopole is the total
3-momentum, vanishing in the rest frame.
If the mass dipole vanishes, the point ~η(t) is the center of mass:
mr[~η(t)] =
N∑
i=1
mi[η
r
i (t)− ηr(t)] = 0⇒ ~η(t) = ~qnr. (4.8)
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The time derivative of the mass dipole is
dmr[~η(t)]
dt
= pr[~η(t)]−mη˙r(t) = κr+ −mη˙r(t). (4.9)
When ~η(t) = ~qnr, from the vanishing of this time derivative we get the momentum-velocity
relation for the center of mass
pr[~qnr] = κ
r
+ = mq˙
r
+ [≈ 0 in the rest frame]. (4.10)
The mass quadrupole is
mrs[~η(t)] =
N∑
i=1
miη
r
i (t)η
s
i (t)−mηr(t)ηs(t)−
(
ηr(t)ms[~η(t)] + ηs(t)mr[~η(t)]
)
, (4.11)
so that the barycentric mass quadrupole and tensor of inertia are, respectively
mrs[~qnr] =
N∑
i=1
miη
r
i (t)η
s
i (t)−mqrnrqsnr,
Irs[~qnr] = δ
rs
∑
u
muu[~qnr]−mrs[~qnr] =
=
∑
i=1
mi[δ
rs~η2i (t)− ηri (t)ηsi (t)]−m[δrs~q2nr − qrnrqsnr] =
=
1...N−1∑
a,b
kab(~ρa · ~ρbδrs − ρraρsb),
⇒ mrs[~qnr] = δrs
N−1∑
a,b=1
kab ~ρa · ~ρb − Irs[~qnr]. (4.12)
The antisymmetric part of the barycentric momentum dipole gives rise to the spin vector
in the following way
prs[~qnr] =
N∑
i=1
miη
r
i (t)η˙
s
i (t)− qrnrps[~qnr] =
N∑
i=1
ηri (t)κ
s
i (t)− qr+κs+,
Su =
1
2
ǫursprs[~qnr] =
N−1∑
a=1
(~ρa × ~πqa)u. (4.13)
The multipolar expansions of the mass and momentum densities around the point ~η(t)
are
ρ(t, ~σ) =
∞∑
n=0
mr1....rn[~η]
n!
∂n
∂σr1 ...∂σrn
δ3(~σ − ~η(t)),
ρ(t, ~σ)U r(t, ~σ) =
∞∑
n=0
pr1....rnr[~η]
n!
∂n
∂σr1 ...∂σrn
δ3(~σ − ~η(t)). (4.14)
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Finally, we get the barycentric multipolar expansions as
ρ(t, ~σ) = mδ3(~σ − ~qnr)− 1
2
(Irs[~qnr]− 1
2
δrs
∑
u
Iuu[~qnr])
∂2
∂σr∂σs
δ3(~σ − ~qnr) +
+
∞∑
n=3
mr1....rn[~qnr]
n!
∂n
∂σr1 ...∂σrn
δ3(~σ − ~qnr),
ρ(t, ~σ)U r(t, ~σ) = κr+δ
3(~σ − ~qnr) +
[1
2
ǫrsuSu + p(sr)[~qnr]
] ∂
∂σs
δ3(~σ − ~qnr) +
+
∞∑
n=2
pr1....rnr[~qnr]
n!
∂n
∂σr1 ...∂σrn
δ3(~σ − ~qnr). (4.15)
B. The relativistic case on a Wigner hyper-plane.
It is shown in Ref.[12] that, on a Wigner hyperplane with τ ≡ Ts, the energy-momentum
of N free scalar particles has the form
T µν [xβs (Ts) + ǫ
β
u(u(ps))σ
u] = ǫµA(u(ps))ǫ
ν
B(u(ps))T
AB(Ts, ~σ) =
=
N∑
i=1
δ3(~σ − ~ηi(Ts))
[√
m2i + ~κ
2
i (Ts)u
µ(ps)u
ν(ps) +
+ kri (Ts)
(
uµ(ps)ǫ
ν
r(u(ps)) + u
ν(ps)ǫ
µ
r (u(ps))
)
+
+
κri (Ts)κ
s
i (Ts)√
m2i + ~κ
2
i (Ts)
ǫµr (u(ps))ǫ
ν
s (u(ps))
]
,
T ττ (Ts, ~σ) =
N∑
i=1
δ3(~σ − ~ηi(Ts))
√
m2i + ~κ
2
i (Ts)),
T τr(Ts, ~σ) =
N∑
i=1
δ3(~σ − ~ηi(Ts))κri (Ts),
T rs(Ts, ~σ) =
N∑
i=1
δ3(~σ − ~ηi(Ts)) κ
r
i (Ts)κ
s
i (Ts)√
m2i + ~κ
2
i (Ts)
,
P µT = p
µ
s =Msys u
µ(ps) + ǫ
µ
r (u(ps))κ
r
+ ≈Msys uµ(ps),
Msys =
N∑
i=1
√
m2i c
2 + ~κ2i (Ts). (4.16)
We will now define the special relativistic Dixon multi-poles on the Wigner hyperplane
with Ts−τ ≡ 0 for the N-body problem (see the bibliography of Ref.[11] for older attempts).
Note that, since we have not yet added the gauge fixings ~q+ ≈ 0, the centroid origin of the 3-
coordinates has the form xµs (τ) = x
(~q+)µ
s (τ)+
∫ τ
o
dτ1 λr(τ1) according to Eqs.(3.7) and (3.20).
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Consider an arbitrary time-like world-line wµ(τ) = zµ(τ, ~η(τ)) = xµs (τ)+ǫ
µ
r (u(ps)) η
r(τ) =
x
(~q+)µ
s (τ)+ ǫµr (u(ps)) η˜
r(τ) [η˜r(τ) = ηr(τ)+
∫ τ
o
dτ1 λr(τ1)] and evaluate the Dixon multi-poles
[28] on the Wigner hyper-planes in the natural gauge with respect to the given world-line.
A generic point will be parametrized by
zµ(τ, ~σ) = xµs (τ) + ǫ
µ
r (u(ps)) σ
r =
= wµ(τ) + ǫµr (u(ps))[σ
r − ηr(τ)] def= wµ(τ) + δzµ(τ, ~σ), (4.17)
so that δzµ(τ, ~σ)u
µ(ps) = 0.
While for ~˜η(τ) = 0 [~η(τ) =
∫ τ
o
dτ1 λr(τ1)] we get the multi-poles relative to the centroid
xµs (τ), for ~η(τ) = 0 we get those relative to the centroid x
(~q+)µ
s (τ). In the gauge ~R+ ≈ ~q+ ≈
~y+ ≈ 0, where ~λ(τ) = 0, it follows that ~η(τ) = ~˜η(τ) = 0 identifies the barycentric multi-poles
with respect to the centroid x
(~q+)µ
s (τ), that now carries the internal 3-center of mass.
Lorentz covariant Dixon’s multi-poles and their Wigner covariant counterparts on the
Wigner hyper-planes are then defined as
tµ1...µnµνT (Ts, ~η) = t
(µ1...µn)(µν)
T (Ts, ~η) =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps)) ǫ
µ
A(u(ps))ǫ
ν
B(u(ps))q
r1..rnAB
T (Ts, ~η) =
=
∫
d3σδzµ1(Ts, ~σ)...δz
µn(Ts, ~σ)T
µν [x(~q+)βs (Ts) + ǫ
β
u(u(ps))σ
u] =
= ǫµA(u(ps))ǫ
ν
B(u(ps))
∫
d3σδzµ1(Ts, ~σ)....δz
µn(Ts, ~σ)T
AB(Ts, ~σ) =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))[
uµ(ps)u
ν(ps)
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)]...[ηrni (Ts)− ηrn(Ts)]
√
m2i + ~κ
2
i (Ts) +
+ ǫµr (u(ps))ǫ
ν
s (u(ps))
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)]...[ηrni (Ts)− ηrn(Ts)]
κri (Ts)κ
s
i (Ts)√
m2i + ~κ
2
i (Ts)
+
+ [uµ(ps)ǫ
ν
r (u(ps)) + u
ν(ps)ǫ
µ
r (u(ps))]
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)]...[ηrni (Ts)− ηrn(Ts)]κri (Ts)
]
,
qr1...rnABT (Ts, ~η) =
∫
d3σ [σr1 − ηr1(Ts)]...[σrn − ηrn]TAB(Ts, ~σ) =
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= δAτ δ
B
τ
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)]...[ηrni (Ts)− ηrn(Ts)]
√
m2i + ~κ
2
i (Ts) +
+ δAu δ
B
v
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)]...[ηrni (Ts)− ηrn(Ts)]
κui (Ts)κ
v
i (Ts)√
m2i + ~κ
2
i (Ts)
+
+ (δAτ δ
B
u + δ
A
u δ
B
τ )
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)]...[ηrni (Ts)− ηrn(Ts)]κri (Ts),
uµ1(ps) t
µ1...µnµν
T (Ts, ~η) = 0. (4.18)
Related multi-poles are pµ1..µnµT (Ts, ~η) = t
µ1...µnµν
T (Ts, ~η) uν(ps) =
ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))ǫ
µ
A(u(ps)) q
r1...rnAτ
T (Ts, ~η). They satisfy uµ1(ps)p
µ1...µnµ
T (Ts, ~η) = 0
and for n = 0 they imply pµT (Ts, ~η) = ǫ
µ
A(u(ps))q
Aτ
T (Ts) = P
µ
T ≈ pµs .
The inverse formulas, giving the multipolar expansion, are
T µν [wβ(Ts) + δz
β(Ts, ~σ)] = T
µν [x(~q+)βs (Ts) + ǫ
β
r (u(ps)) σ
r] =
= ǫµA(u(ps))ǫ
ν
B(u(ps))T
AB(Ts, ~σ) =
= ǫµA(u(ps))ǫ
ν
B(u(ps))
∞∑
n=0
(−1)n q
r1...rnAB
T (Ts, ~η)
n!
∂n
∂σr1 ...∂σrn
δ3(~σ − ~η(Ts)). (4.19)
Note however that, as pointed out by Dixon [28], the distributional equation (4.19) is
valid only if analytic test functions are used defined on the support of the energy-momentum
tensor.
The quantities qr1...rnττT (Ts, ~η), q
r1...rnrτ
T (Ts, ~η) = q
r1...rnτr
T (Ts, ~η), q
r1...rnuv
T (Ts, ~η) are the
mass density, momentum density and stress tensor multi-poles with respect to the world-line
wµ(Ts) (barycentric for ~η = ~˜η = 0).
1. Monopoles
The monopoles, corresponding to n = 0, have the following expression (they are ~η-
independent)
qABT (Ts, ~η) = δ
A
τ δ
B
τ M + δ
A
u δ
B
v
N∑
i=1
κui κ
v
i√
m2i + ~κ
2
i
+ (δAτ δ
B
u + δ
A
u δ
B
τ )κ
u
+,
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qττT (Ts, ~η) →c→∞
N∑
i=1
mic
2 +Hrel +O(1/c),
qrτT (Ts, ~η) = κ
r
+ ≈ 0, rest− frame condition (also at the non− relativistic level),
quvT (Ts, ~η) →c→∞
1..N−1∑
ab
k−1ab π
u
qaπ
v
qb +O(1/c),
qATA(Ts, ~η) = t
µ
Tµ(Ts, ~η) =
N∑
i=1
m2i√
m2i + ~κ
2
i
→c→∞
N∑
i=1
mic
2 −Hrel +O(1/c). (4.20)
Therefore, independently of the choice of the world-line wµ(τ), in the rest-frame instant
form the mass monopole qττT is the invariant mass Msys =
∑N
i=1
√
m2i + ~κ
2
i , while the mo-
mentum monopole qrτT vanishes and q
uv
T is the stress tensor monopole.
2. Dipoles
The mass, momentum and stress tensor dipoles, corresponding to n = 1, are
qrABT (Ts, ~η) = δ
A
τ δ
B
τ M [R
r
+(Ts)− ηr(Ts)] + δAu δBv
[ N∑
i=1
ηri κ
u
i κ
v
i√
m2i + ~κ
2
i
(Ts)− ηr(Ts)quvT (Ts, ~η)
]
+
+ (δAτ δ
B
u + δ
A
u δ
B
τ )
[ N∑
i=1
[ηri κ
u
i ](Ts)− ηr(Ts)κu+
]
. (4.21)
The vanishing of the mass dipole qrττT implies ~η(τ) = ~˜η(τ) −
∫ τ
o
dτ1 ~λ(τ1) = ~R+ and
identifies the world-line wµ(τ) = x
(~q+)µ
s (τ) + ǫµr (u(ps))
[
Rr+ +
∫ τ
o
dτ1 λr(τ1)
]
. In the gauge
~R+ ≈ ~q+ ≈ ~y+ ≈ 0, where ~λ(τ) = 0, this is the world-line wµ(τ) = x(~q+)µs (τ) of the
centroid associated with the rest-frame internal 3-center of mass ~q+. We have, therefore,
the implications following from the vanishing of the barycentric (i.e. ~λ(τ) = 0) mass dipole
qrττT (Ts, ~η) = ǫ
r1
µ1
(u(ps))t˜
µ1
T (Ts, ~η) =M
[
Rr+(Ts)− ηr(Ts)
]
= 0, and ~λ(τ) = 0,
⇒ ~η(Ts) = ~˜η(Ts) = ~R+ ≈ ~q+ ≈ ~y+. (4.22)
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In the gauge ~R+ ≈ ~q+ ≈ ~y+ ≈ 0, Eq.(4.22) with ~η = ~˜η = 0 implies the vanishing of the
time derivative of the barycentric mass dipole: this identifies the center-of-mass momentum-
velocity relation (or constitutive equation) for the system
dqrττT (Ts, ~η)
dTs
◦
=κr+ −MR˙r+ = 0. (4.23)
The expression of the barycentric dipoles in terms of the internal relative variables, when
~η = ~˜η = ~R+ ≈ ~q+ ≈ 0 and ~κ+ ≈ 0, is obtained by using the Gartenhaus-Schwartz transfor-
mation.
qrττT (Ts, ~R+) = 0,
qruτT (Ts,
~R+) =
N∑
i=1
ηri κ
u
i − Rr+κu+ =
N−1∑
a=1
ρraπ
u
a + (η
r
+ − Rr+)κu+
→c→∞
N−1∑
a=1
ρraπ
u
qa =
1..N−1∑
ab
kabρ
r
aρ˙
u
b ,
qruvT (Ts,
~R+) =
N∑
i=1
ηri
κui κ
v
i
Hi
− Rr+
N∑
i=1
κui κ
v
i
Hi
=
=
1√
N
N∑
i=1
N−1∑
a=1
γaiρ
r
a
κui κ
v
i
Hi
+ (ηr+ − Rr+)
N∑
i=1
κui κ
v
i
Hi
→c→∞ 1√
N
1..N−1∑
abc
[
N
N∑
i=1
γaiγbiγci
mi
−
∑N
j=1mjγaj
m
]
ρraπ
u
qbπ
v
qc +O(1/c).
(4.24)
The antisymmetric part of the related dipole pµ1µT (Ts, ~η) identifies the spin tensor. Indeed,
the spin dipole is
SµνT (Ts)[~η] = 2p
[µν]
T (Ts, ~η) = 2ǫ
[µ
r (u(ps)) ǫ
ν]
A(u(ps)) q
rAτ
T (Ts, ~η) =
= Msys [R
r
+(Ts)− ηr(Ts)]
[
ǫµr (u(ps))u
ν(ps)− ǫνr (u(ps))uµ(ps)
]
+
+
N∑
i=1
[ηri (Ts)− ηr(Ts)]κsi (Ts)
[
ǫµr (u(ps))ǫ
ν
s(u(ps))− ǫνr (u(ps))ǫµs (u(ps))
]
,
mνu(ps)(Ts, ~η) = uµ(ps)S
µν
T (Ts)[~η] = −ǫνr (u(ps))[S¯τrs −Msys ηr(Ts)] =
= −ǫνr (u(ps))Msys [Rr+(Ts)− ηr(Ts)] = −ǫνr (u(ps))qrττT (Ts, ~η),
⇒ uµ(ps)SµνT (Ts)[~η] = 0, ⇒ ~η = ~R+,
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⇓ barycentric spin for ~κ+ ≈ 0, ~η = ~˜η = 0, seeEq(4.17),
SµνT (Ts)[~η = 0] = S
µν
s
◦
= ǫrsu S¯us ǫ
µ
r (u(ps))ǫ
ν
s (u(ps)). (4.25)
This explains why mµu(ps)(Ts, ~η) is also called the mass dipole moment.
We find, therefore, that in the gauge ~R+ ≈ ~q+ ≈ ~y+ ≈ 0, with P µT ≈ Msys uµ(ps) =
Msys x˙
(~q+)µ
s (Ts), the Møller and barycentric centroid x
(~q+)µ
s (Ts) is simultaneously the Tul-
czyjew centroid [48] (defined by Sµν Pν = 0) and also the Pirani centroid [47] (defined by
Sµν x˙
(~q+)
sν = 0). In general, lacking a relation between 4-momentum and 4-velocity, they are
different centroids.
3. Quadrupoles and the barycentric tensor of inertia
The quadrupoles, corresponding to n = 2, are
qr1r2ABT (Ts, ~η) = δ
A
τ δ
B
τ
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)][ηr2i (Ts)− ηr2(Ts)]
√
m2i + ~κ
2
i (Ts) +
+ δAu δ
B
v
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)][ηr2i (Ts)− ηr2(Ts)]
κui κ
v
i√
m2i + ~κ
2
i
(Ts) +
+ (δAτ δ
B
u + δ
A
u δ
B
τ )
N∑
i=1
[ηr1i (Ts)− ηr1(Ts)][ηr2i (Ts)− ηr2(Ts)]κui (Ts),
. (4.26)
When the mass dipole vanishes, i.e. ~η = ~R+ =
∑
i ~ηi
√
m2i + ~κ
2
i /Msys, we get
qr1r2ττT (Ts,
~R+) =
N∑
i=1
(ηr1i −Rr1+ )(ηr2i − Rr2+ )
√
m2i + ~κ
2
i (Ts),
qr1r2uτT (Ts,
~R+) =
N∑
i=1
(ηr1i −Rr1+ )(ηr2i − Rr2+ )κui ,
qr1r2uvT (Ts,
~R+) =
N∑
i=1
(ηr1i − Rr1+ )(ηr2i − Rr2+ )
κui κ
v
i√
m2i + ~κ
2
i (Ts)
=
1
N
1..N∑
ijk
1..N−1∑
ab
(γai − γaj). (4.27)
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Following the non-relativistic pattern, Dixon starts from the mass quadrupole
qr1r2ττT (Ts,
~R+) =
N∑
i=1
[ηr1i η
r2
i
√
m2i + ~κ
2
i ](Ts)−MsysRr1+ Rr2+ , (4.28)
and defines the following barycentric tensor of inertia
Ir1r2dixon(Ts) = δ
r1r2
∑
u
quuττT (Ts,
~R+)− qr1r2ττT (Ts, ~R+) =
=
N∑
i=1
[(δr1r2(~ηi − ~R+)2 − (ηr1i − Rr1+ )(ηr2i − Rr2+ ))
√
m2i + ~κ
2
i ](Ts)
→c→∞
1..N−1∑
ab
kab[~ρqa · ~ρqbδr1r2 − ρr1qaρr2qb] +O(1/c) = Ir1r2[~qnr] +O(1/c).
(4.29)
Note that in the non-relativistic limit we recover the tensor of inertia of Eqs.(4.11).
On the other hand, Thorne’s definition of barycentric tensor of inertia [30] is
Ir1r2thorne(Ts) = δ
r1r2
∑
u
quuAT A(Ts,
~R+)− qr1r2AT A(Ts, ~R+) =
=
N∑
i=1
m2i (δ
r1r2(~ηi − ~R+)2 − (ηr1i − Rr1+ )(ηr2i − Rr2+ ))√
m2i + ~κ
2
i
(Ts)
→c→∞
1..N−1∑
ab
kab[~ρqa · ~ρqbδr1r2 − ρr1qaρr2qb] +O(1/c) = Ir1r2 [~qnr] +O(1/c).
(4.30)
In this case too we recover the tensor of inertia of Eq.(4.11). Note that the Dixon and
Thorne barycentric tensors of inertia differ at the post-Newtonian level
Ir1r2dixon(Ts)− Ir1r2thorne(Ts) =
1
c
1..N−1∑
ab
1..N∑
ijk
mjmk
Nm2
(γai − γaj)(γbi − γbk)
[
~ρqa · ~ρqbδr1r2 − ρr1qaρr2qb
]N∑1..N−1cd γciγdi~πqc · ~πqd
mi
+O(1/c2).
(4.31)
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4. The multipolar expansion
It can be shown that the multipolar expansion can be rearranged in the form
T µν [x(~q+)βs (Ts) + ǫ
β
r (u(ps))σ
r] = T µν [wβ(Ts) + ǫ
β
r (u(ps))(σ
r − ηr(Ts))] =
= u(µ(ps)ǫ
ν)
A (u(ps))[δ
A
τ Msys + δ
A
u κ
u
+]δ
3(~σ − ~η(Ts)) +
+
1
2
S
ρ(µ
T (Ts)[~η]u
ν)(ps)ǫ
r
ρ(u(ps))
∂
∂σr
δ3(~σ − ~η(Ts)) +
+
∞∑
n=2
(−1)n
n!
Iµ1..µnµνT (Ts, ~η)ǫ
r1
µ1
(u(ps))..ǫ
rn
µn(u(ps))
∂n
∂σr1 ..∂σrn
δ3(~σ − ~η(Ts)), (4.32)
where for n ≥ 2 and ~η = 0, we have Iµ1..µnµνT (Ts) = 4(n−1)n+1 J (µ1..µn−1|µ|µn)νT (Ts), with
Jµ1..µnµνρσT (Ts) being the generalized Dixon 2
2+n-pole inertial moment tensors given in
Ref.[11].
Note that, for an isolated system described by the multi-poles appearing in Eq.(4.32)
[this is not true for those in Eq.(4.19)] the equations ∂µT
µν ◦=0 imply no more than
the following Papapetrou-Dixon-Souriau equations of motion [29] for the total momentum
P µT (Ts) = ǫ
µ
A(u(ps))q
Aτ
T (Ts) = p
µ
s and the spin tensor S
µν
T (Ts)[~η = 0]
dP µT (Ts)
dTs
◦
= 0,
dSµνT (Ts)[~η = 0]
dTs
◦
= 2P
[µ
T (Ts)u
ν](ps) = 2κ
u
+ǫ
[µ
u (u(ps))u
ν](ps) ≈ 0,
or
dMsys
dTs
◦
=0,
d~κ+
dTs
◦
=0,
dSµνs
dTs
◦
=0. (4.33)
5. Cartesian Tensors
In the applications to gravitational radiation, irreducible symmetric trace-free Cartesian
tensors (STF tensors) [30, 31] are needed instead of Cartesian tensors. While a Cartesian
multi-pole tensor of rank l (like the rest-frame Dixon multi-poles) on R3 has 3l components,
1
2
(l+1)(l+2) of which are in general independent, a spherical multi-pole moment of order l
has only 2l+1 independent components. Even if spherical multi-pole moments are preferred
in calculations of molecular interactions, spherical harmonics have various disadvantages in
numerical calculations: for analytical and numerical calculations Cartesian moments are
often more convenient (see for instance Ref.[54] for the case of the electrostatic potential).
It is therefore preferable using the irreducible Cartesian STF tensors [55] (having 2l + 1
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independent components if of rank l), which are obtained by using Cartesian spherical (or
solid) harmonic tensors in place of spherical harmonics.
Given an Euclidean tensor Ak1...kI on R
3, one defines the completely symmetrized tensor
Sk1..kI ≡ A(k1..kI) = 1I!
∑
π Akpi(1)...kpi(I). Then, the associated STF tensor is obtained by
removing all traces ([I/2] = largest integer ≤ I/2)
A
(STF )
k1...kI
=
[I/2]∑
n=0
an δ(k1k2 ...δk2n−1k2nSk2n+1...kI)i1i1...jnjn ,
an ≡ (−1)n l!(2l − 2n− 1)!!
(l − 2n)!(2l − 1)!!(2n)!! . (4.34)
For instance (Tabc)
STF ≡ T(abc) − 15
[
δabT(iic) + δacT(ibi) + δbcT(aii)
]
.
C. Open N-body systems.
Consider now an open sub-system of the isolated system of N charged positive-energy
particles plus the electro-magnetic field in the radiation gauge (see the second paper of
Ref.[6]). The energy-momentum tensor and the Hamilton equations on the Wigner hyper-
plane are, respectively, [to avoid degenerations we assume that all the massesmi are different;
~π⊥ = ~E⊥]
T ττ (τ, ~σ) =
N∑
i=1
δ3(~σ − ~ηi(τ))
√
m2i + [~κi(τ)−Qi ~A⊥(τ, ~ηi(τ))]2 +
+
N∑
i=1
Qi ~π⊥(τ, ~σ) ×
~∂
△ δ
3(~σ − ~ηi(τ)) + 1
2
[~π2⊥ +
~B2](τ, ~σ) +
+
1
2
1..N∑
i,k,i6=k
QiQk
~∂
△ δ
3(~σ − ~ηi(τ)) ·
~∂
△ δ
3(~σ − ~ηk(τ)),
T rτ(τ, ~σ) =
N∑
i=1
δ3(~σ − ~ηi(τ))[κri (τ)−QiAr⊥(τ, ~ηi(τ))] +
+ [
(
~π⊥ +
N∑
i=1
Qi
~∂
△δ
3(~σ − ~ηi(τ))
)
× ~B](τ, ~σ),
T rs(τ, ~σ) =
N∑
i=1
δ3(~σ − ~ηi(τ)) [κ
r
i (τ)−QiAr⊥(τ, ~ηi(τ))][κsi (τ)−QiAs⊥(τ, ~ηi(τ))]√
m2i + [~κi(τ)−Qi ~A⊥(τ, ~ηi(τ))]2
−
−
[1
2
δrs[
(
~π⊥ +
N∑
i=1
Qi
~∂
△δ
3(~σ − ~ηi(τ))
)2
+ ~B2]−
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− [
(
~π⊥ +
N∑
i=1
Qi
~∂
△δ
3(~σ − ~ηi(τ))
)r(
~π⊥ +
N∑
i=1
Qi
~∂
△δ
3(~σ − ~ηi(τ))
)s
+
+ BrBs]
]
(τ, ~σ). (4.35)
~˙ηi(τ)
◦
=
~κi(τ)−Qi ~A⊥(τ, ~ηi(τ))√
m2i + (~κi(τ)−Qi ~A⊥(τ, ~ηi(τ)))2
,
~˙κi(τ)
◦
=
∑
k 6=i
QiQk(~ηi(τ)− ~ηk(τ))
4π | ~ηi(τ)− ~ηk(τ) |3 +Qi η˙
u
i (τ)
∂
∂~ηi
Au⊥(τ, ~ηi(τ))],
A˙⊥r(τ, ~σ)
◦
= −π⊥r(τ, ~σ),
π˙r⊥(τ, ~σ)
◦
= ∆Ar⊥(τ, ~σ)−
∑
i
QiP
rs
⊥ (~σ)η˙
s
i (τ)δ
3(~σ − ~ηi(τ)),
~κ+(τ) +
∫
d3σ[~π⊥ × ~B](τ, ~σ) ≈ 0 (rest− frame condition). (4.36)
Let us note that in this reduced phase space there are only either particle-
field interactions or action-at-a-distance 2-body interactions. The particle world-lines
are xµi (τ) = x
µ
o + u
µ(ps) τ + ǫ
µ
r (u(ps)) η
r
i (τ), while their 4-momenta are p
µ
i (τ) =√
m2i + [~κi −Qi ~A⊥(τ, ~ηi)]2 uµ(ps) + ǫµr (u(ps)) [κri −Qi Ar⊥(τ, ~ηi)].
The generators of the internal Poincare´ group are
Pτ(int) = M =
N∑
i=1
√
m2i + (~κi(τ)−Qi ~A⊥(τ, ~ηi(τ)))2 +
+
1
2
∑
i6=j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | +
∫
d3σ
1
2
[~π2⊥ +
~B2](τ, ~σ),
~P(int) = ~κ+(τ) +
∫
d3σ[~π⊥ × ~B](τ, ~σ) ≈ 0,
J r(int) =
N∑
i=1
(~ηi(τ)× ~κi(τ))r +
∫
d3σ (~σ × [~π⊥× ~B]
r
(τ, ~σ),
Kr(int) = −
N∑
i=1
~ηi(τ)
√
m2i + [~κi(τ)−Qi ~A⊥(τ, ~ηi(τ))]2+
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+
1
2
[
Qi
N∑
i=1
1..N∑
j 6=i
Qj
∫
d3σ σr ~c(~σ − ~ηi(τ)) · ~c(~σ − ~ηj(τ)) +
+ Qi
∫
d3σπr⊥(τ, ~σ)c(~σ − ~ηi(τ))
]
− 1
2
∫
d3σσr (~π2⊥ +
~B2)(τ, ~σ), (4.37)
with c(~ηi − ~ηj) = 1/(4π|~ηj − ~ηi|) [△ c(~σ) = δ3(~σ), △ = −~∂2, ~c(~σ) = ~∂ c(~σ) = ~σ/(4π |~σ|3)].
Pτ(int) = qττ and Pr(int) = qrτ are the mass and momentum monopoles, respectively.
For the sake of simplicity, consider the sub-system formed by the two particles of mass m1
and m2. Our considerations may be extended to any cluster of particles. This sub-system is
open: besides their mutual interaction the two particles have Coulomb interaction with the
other N − 2 particles and are affected by the transverse electric and magnetic fields.
Exploiting the multi-poles we will select a set of effective parameters (mass, 3-center of
motion, 3-momentum, spin) describing the two-particle cluster as a global entity subject to
external forces in the global rest-frame instant form. This was indeed the original motivation
of the multipolar expansion in general relativity: replacing an extended object (an open
system due to the presence of the gravitational field) by a set of multi-poles concentrated on
a center of motion. Now, in the rest-frame instant form it is possible to show that there is
no preferred centroid for open system so that, unlike the case of isolated systems where, in
the rest frame ~κ+ ≈ 0, all possible conventions identify the same centroid, different centers
of motion can be selected according to different conventions. We will see, however, that one
specific choice exists showing preferable properties.
Given the energy-momentum tensor TAB(τ, ~σ) (4.35) of the isolated system, it would seem
natural to define the energy-momentum tensor TABc(n)(τ, ~σ) of an open sub-system composed
by a cluster of n ≤ N particles as the sum of all the terms in Eq.(4.35) containing a
dependence on the variables ~ηi, ~κi, of the particles of the cluster. Besides kinetic terms,
this tensor would contain internal mutual interactions as well as external interactions of
the cluster particles with the environment composed by the other N − n particles and by
the transverse electro-magnetic field. There is an ambiguity, however. While there is no
problem in attributing to the cluster the whole interaction with the electro-magnetic field,
why should we attribute to it just all the external interactions with the other N−n particles?
Since we have 2-body interactions, it seems more reasonable to attribute only half of these
external interactions to the cluster and consider the other half as a property of the remaining
N − n particles. Let us remark that considering, e.g., two clusters composed by two non-
overlapping sets of n1 and n2 particles, respectively, since the mutual Coulomb interactions
between the clusters are present in both TABc(n1) and T
AB
c(n2)
, according to the first choice we
would get TABc(n1+n2) 6= TABc(n1) + TABc(n2). On the other hand, according to the second choice
we get TABc(n1+n2) = T
AB
c(n1)
+ TABc(n2). Since this property is important for studying the mutual
relative motion of two clusters in actual cases, we will adopt the convention that the energy-
momentum tensor of a n particle cluster contains only half of the external interaction with
the other N − n particles.
Let us remark that, in the case of k-body forces, this convention should be replaced
by the following rule: i) for each particle mi of the cluster and each k-body term in the
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energy-momentum tensor involving this particle, k = hi + (k − hi), where hi is the number
of particles of the cluster participating to this particular k-body interaction; ii) only the
fraction hi/k of this particular k-body interaction term containing mi must be attributed to
the cluster.
Let us consider the cluster composed by the two particles with mass m1 and m2.
The knowledge of TABc
def
= TABc(2) on the Wigner hyper-plane of the global rest-frame instant
form allows us to find the following 10 non conserved charges [due to Q2i = 0 we have√
m2i + [~κi −Qi ~A⊥(τ, ~ηi)]2 =
√
m2i + ~κ
2
1 −Qi ~κi·
~A⊥(τ,~ηi)√
m2i+~κ
2
i
]
Mc =
∫
d3σ T ττc (τ, ~σ) =
2∑
i=1
√
m2i + [~κi(τ)−Qi ~A⊥(τ, ~ηi(τ))]2 +
+
Q1Q2
4π |~η1(τ)− ~η2(τ)|2 +
1
2
2∑
i=1
∑
k 6=1,2
QiQk
4π |~ηi(τ)− ~ηk(τ)|2 =
= Mc(int) +Mc(ext),
Mc(int) =
2∑
i=1
√
m2i + ~κ
2
i −
Q1Q2
4π |~η1(τ)− ~η2(τ)|2 ,
~Pc = {
∫
d3σ T rτc (τ, ~σ)} = ~κ1(τ) + ~κ2(τ),
~Jc = {ǫruv
∫
d3σ [σu T vτc − σv T uτc ](τ, ~σ)} = ~ηi(τ)× ~κ1(τ) + ~η2(τ)× ~κ2(τ),
~Kc = −
∫
d3σ ~σ T ττc (τ, ~σ) = −
2∑
i=1
~ηi(τ)
√
m2i + [~κi(τ)−Qi ~A⊥(τ, ~ηi(τ))]2 −
−
2∑
i=1
Qi
∫
d3σ ~π⊥(τ, ~σ) c(~σ − ~ηi(τ))−
− Q1Q2
∫
d3σ ~σ~c(~σ − ~η1(τ)) · ~c(~σ − ~η2(τ))−
− 1
2
2∑
i=1
Qi
∑
k 6=1,2
Qk
∫
d3σ ~σ~c(~σ − ~ηi(τ)) · ~c(~σ − ~ηk(τ)) =
= ~Kc(int) + ~Kc(ext),
~Kc(int) = −
2∑
i=1
~ηi(τ)
√
m2i + ~κ
2
i −Q1Q2
∫
d3σ ~σ~c(~σ − ~η1(τ)) · ~c(~σ − ~η2(τ)).
(4.38)
Such charges do not satisfy the algebra of an internal Poincare’ group just because of the
openness of the system. Working in an instant form of dynamics, only the cluster internal
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energy and boosts depend on the (internal and external) interactions. Again, Mc = q
ττ
c and
Prc = qrτc are the mass and momentum monopoles of the cluster.
Another quantity to be considered is the momentum dipole
pruc =
∫
d3σ σr T uτc (τ, ~σ) =
=
2∑
i=1
ηri (τ) κ
u
i (τ)−
2∑
i=1
Qi
∫
d3σ c(~σ − ~ηi(τ)) [∂r As⊥ + ∂s Ar⊥](τ, ~σ),
pruc + p
ur
c =
2∑
i=1
[ηri (τ) κ
u
i (τ) + η
u
i (τ) κ
r
i (τ)]−
− 2
2∑
i=1
Qi
∫
d3σ c(~σ − ~ηi(τ)) [∂r As⊥ + ∂s Ar⊥](τ, ~σ),
pruc − purc = ǫruv J vc . (4.39)
The time variation of the 10 charges (4.38) can be evaluated by using the equations of
motion (4.36)
dMc
dτ
=
2∑
i=1
Qi
(~κi(τ) · ~π⊥(τ, ~ηi(τ))√
m2i + ~κ
2
i
+
+
1
2
∑
k 6=1,2
Qk
[ ~κi(τ)√
m2i + ~κ
2
i
+
~κk(τ)√
m2k + ~κ
2
k
]
· ~ηi(τ)− ~ηk(τ)
4π |~ηi(τ)− ~ηk(τ)|3
)
,
dPrc
dτ
=
2∑
i=1
Qi
( ~κi(τ)√
m2i + ~κ
2
i
· ∂A
r
⊥(τ, ~ηi(τ))
∂~ηi
+
∑
k 6=1,2
Qk
ηri (τ)− ηrk(τ)
4π |~ηi(τ)− ~ηk(τ)|3
)
,
d ~Jc
dτ
=
2∑
i=1
Qi
( ~κi(τ)√
m2i + ~κ
2
i
× ~A⊥(τ, ~ηi(τ)) + ~ηi(τ)×
[ ~κi(τ)√
m2i + ~κ
2
i
· ∂
∂~ηi
]
~A⊥(τ, ~ηi(τ))−
−
∑
k 6=i
Qk
~ηi(τ)× ~ηk(τ)
4π |~ηi(τ)− ~ηk(τ)|3
)
,
dKrc
dτ
= Q1Q2
∫
d3σ ~σ
([( ~κ1(τ)√
m21 + ~κ
2
1(τ)
· ~∂
)
~c(~σ − ~η1(τ))
]
· ~c(~σ − ~η2(τ)) +
+ ~c(~σ − ~η1(τ)) ·
[( ~κ2(τ)√
m22 + ~κ
2
2(τ)
· ~∂
)
~c(~σ − ~η2(τ))
])
−
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− 1
2
2∑
i=1
Qi
∑
k 6=1,2
Qk
∫
d3σ ~σ
([( ~κi(τ)√
m2i + ~κ
2
i (τ)
· ~∂
)
~c(~σ − ~ηi(τ))
]
· ~c(~σ − ~ηk(τ)) +
+ ~c(~σ − ~ηi(τ)) ·
[( ~κk(τ)√
m2k + ~κ
2
k(τ)
· ~∂
)
~c(~σ − ~ηk(τ))
])
. (4.40)
Note that, if we have two clusters of n1 and n2 particles respectively, our definition of
cluster energy-momentum tensor implies
Mc(n1+n2) = Mc(n1) +Mc(n2),
~Pc(n1+n2) = ~Pc(n1) + ~Pc(n2),
~Jc(n1+n2) = ~Jc(n1) + ~Jc(n2),
~Kc(n1+n2) = ~Kc(n1) + ~Kc(n2). (4.41)
The main problem is now the determination of an effective center of motion ζrc (τ)
with world-line wµc (τ) = x
µ
o + u
µ(ps) τ + ǫ
µ
r (u(ps)) ζ
r
c (τ) in the gauge Ts ≡ τ , ~q+ =
~R+ = ~y+ ≡ 0 of the isolated system. The unit 4-velocity of this center of motion is
uµc (τ) = w˙
µ
c (τ)/
√
1− ~˙ζ
2
c(τ) with w˙
µ
c (τ) = u
µ(ps) + ǫ
µ
r (u(ps)) ζ˙
r
c (τ). By using δ z
µ(τ, ~σ) =
ǫµr (u(ps)) (σ
r−ζr(τ)) we can define the multipoles of the cluster with respect to the world-line
wµc (τ)
qr1..rnABc (τ) =
∫
d3σ [σr1 − ζr1c (τ)]..[σrn − ζrnc (τ)]TABc (τ, ~σ). (4.42)
The mass and momentum monopoles, and the mass, momentum and spin dipoles are,
respectively
qττc = Mc, q
rτ
c = Prc ,
qrττc = −Krc −Mc ζrc (τ) =Mc (Rrc(τ)− ζrc (τ)), qruτc = pruc (τ)− ζrc (τ)Puc ,
Sµνc = [ǫ
µ
r (u(ps)) u
ν(ps)− ǫνr (u(ps)) uµ(ps)] qrττc + ǫµr (u(ps)) ǫνu(u(ps)) (qruτc − qurτc ) =
= [ǫµr (u(ps)) u
ν(ps)− ǫνr (u(ps)) uµ(ps)]Mc (Rrc − ζrc ) +
+ ǫµr (u(ps)) ǫ
ν
u(u(ps))
[
ǫruv J vc − (ζrc Puc − ζuc Prc )
]
,
⇒ mµc(ps) = −Sµνc uν(ps) = −ǫµr (u(ps)) qrττc . (4.43)
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Then, consider the following possible definitions of effective centers of motion (clearly,
many other possibilities exist)
1) Center of energy as center of motion, ~ζc(E)(τ) = ~Rc(τ), where ~Rc(τ) is a 3-center of
energy for the cluster, built by means of the standard definition
~Rc = −
~Kc
Mc
. (4.44)
It is determined by the requirement that either the mass dipole vanishes, qrττc = 0, or the
mass dipole moment with respect to uµ(ps) vanishes, m
µ
c(ps)
= 0.
The center of energy seems to be the only center of motion enjoying the simple compo-
sition rule
~Rc(n1+n2) =
Mc(n1) ~Rc(n1) +Mc(n2) ~Rc(n2)
Mc(n1+n2)
. (4.45)
The constitutive relation between ~Pc and ~˙Rc(τ), see Eq.(4.23), is
0 =
dqrττc
dτ
= −K˙rc − M˙cRrc −Mc R˙rc ,
⇓
~Pc = Q1Q2
∫
d3σ ~σ
([( ~κ1(τ)√
m21 + ~κ
2
1(τ)
· ~∂
)
~c(~σ − ~η1(τ))
]
· ~c(~σ − ~η2(τ)) +
+ ~c(~σ − ~η1(τ)) ·
[( ~κ2(τ)√
m22 + ~κ
2
2(τ)
· ~∂
)
~c(~σ − ~η2(τ))
])
−
− 1
2
2∑
i=1
Qi
∑
k 6=1,2
Qk
∫
d3σ ~σ
([( ~κi(τ)√
m2i + ~κ
2
i (τ)
· ~∂
)
~c(~σ − ~ηi(τ))
]
· ~c(~σ − ~ηk(τ)) +
+ ~c(~σ − ~ηi(τ)) ·
[( ~κk(τ)√
m2k + ~κ
2
k(τ)
· ~∂
)
~c(~σ − ~ηk(τ))
])
. (4.46)
¿From Eq.(4.25), it follows that the associated cluster spin tensor is
Sµνc = ǫ
µ
r (u(ps)) ǫ
ν
u(u(ps)) [q
ruτ
c − qurτc ] =
= ǫµr (u(ps)) ǫ
ν
u(u(ps)) ǫ
ruv
[
J vc − (~Rc × ~Pc)v
]
. (4.47)
2) Pirani centroid ~ζc(P )(τ) as center of motion. It is determined by the requirement
that the mass dipole moment with respect to 4-velocity w˙µc (τ) vanishes (it involves the
anti-symmetric part of purc )
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mµc(w˙c) = −Sµνc w˙cν = 0, ⇒ ~˙ζc(P ) · ~ζc(P ) = ~˙ζc(P ) · ~Rc,
⇓
~ζc(P )(τ) =
1
Mc − ~Pc · ~˙ζc(P )(τ)
[
Mc ~Rc − ~Rc · ~˙ζc(P )(τ) ~Pc − ~˙ζc(P )(τ)× ~Jc
]
. (4.48)
Therefore this centroid is implicitly defined as the solution of these three coupled first
order ordinary differential equations.
3) Tulczyjew centroid ~ζc(T )(τ) as center of motion. If we define the cluster 4-momentum
P µc =Mc u
µ(ps)+Psc ǫµs (u(ps)) [P 2c = M2c − ~P2c def= M2c ], its definition is the requirement that
the mass dipole moment with respect to P µc vanishes (it involves the anti-symmetric part of
purc )
mµc(Pc) = −Sµνc Pcν = 0, ⇒ ~Pc · ~ζc(T ) = ~Pc · ~Rc,
⇓
~ζc(T )(τ) =
1
M2c − ~P2c
[
M2c ~Rc − ~Pc · ~Rc ~Pc − ~Pc × ~Jc
]
. (4.49)
Let us show that this centroid satisfies the free particle relation as constitutive relation
~Pc = Mc ~˙ζc(T ), ⇒ P µc = Mc
[
uµ(ps) + ζ˙
s
c(T ) ǫ
µ
s (u(ps))
]
,
qrττc(T ) =
Mc
M2c − ~P2c
[
~P2c ~Rc + ~Pc · ~Rc ~Pc + ~Pc × ~Jc
]
,
Sµνc = [ǫ
µ
r (u(ps)) u
ν(ps)− ǫνr(u(ps)) uµ(ps)] qrττc(T ) +
+ǫµr (u(ps)) ǫ
ν
u(u(ps)) ǫ
ruv
[
J vc − (~ζc(T ) × ~Pc)v
]
. (4.50)
If we use Eq.(4.48) to find a Pirani centroid such that ~˙ζc = ~Pc/Mc, it turns out that the
condition (4.48) becomes Eq.(4.49) and this implies Eq.(4.50).
The equations of motion
Mc(τ) ~¨ζc(T )(τ) = ~˙Pc(τ)− M˙c(τ) ~˙ζc(T )(τ), (4.51)
contain both internal and external forces. In spite of the nice properties (4.50) and (4.51) of
the Tulczyjew centroid, this effective center of motion fails to satisfy a simple composition
property. The relation among the Tulczyjew centroids of clusters with n1, n2 and n1 + n2
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particles respectively is much more complicated of the composition (4.45) of the centers of
energy.
All the previous centroids coincide for an isolated system in the rest-frame instant form
with ~Pc = ~κ+ ≈ 0 in the gauge ~q+ ≈ ~R+ ≈ ~y+ ≈ 0.
4) The Corinaldesi-Papapetrou centroid with respect to a time-like observer with 4-velocity
vµ(τ), ~ζ
(v)
c(CP )(τ) as center of motion.
mµc(v) = −Sµνc vν = 0. (4.52)
Clearly these centroids are unrelated to the previous ones being dependent on the choice of
an arbitrary observer.
5) The Pryce center of spin or classical canonical Newton-Wigner centroid ~ζc(NW ).
It defined as the solution of the differential equations implied by the requirement
{ζrc(NW ), ζsc(NW )} = 0, {ζrc(NW ),Psc} = δrs. Let us remark that, being in an instant form
of dynamics, we have {Prc ,Psc} = 0 also for an open system.
The two effective centers of motion which appear to be more useful for applications are
the center of energy ~ζc(E)(τ) and Tulczyjew’s centroid ~ζc(T )(τ), with ~ζc(E)(τ) preferred for
the study of the mutual motion of clusters due to Eq.(4.45).
Therefore, in the spirit of the multipolar expansion, our two-body cluster may be de-
scribed by an effective non-conserved internal energy (or mass) Mc(τ), by the world-line
wµc = x
µ
o + u
µ(ps) τ + ǫ
µ
r (u(ps)) ζ
r
c(E or T )(τ) associated with the effective center of motion
~ζc(E or T )(τ) and by the effective 3-momentum ~Pc(τ), with ~ζc(E or T )(τ) and ~Pc(τ) forming a
non-canonical basis for the collective variables of the cluster. A non-canonical effective spin
for the cluster in the 1) and 3) cases is defined by
a) case of the center of energy:
~Sc(E)(τ) = ~Jc(τ)− ~Rc(τ)× ~Pc(τ),
d~ζc(E)(τ)
dτ
=
d ~Jc(τ)
dτ
− d
~Rc(τ)
dτ
× ~Pc(τ)− ~Rc(τ)× d
~Pc(τ)
dτ
,
b) case of the Tulczyjew centroid:
~Sc(T )(τ) = ~Jc(τ)− ~ζc(T )(τ)× ~Pc(τ) =
=
M2c (τ)
~Sc(E)(τ)− ~Pc(τ) · ~Jc(τ) ~Pc(τ)
M2c (τ)− ~P2c (τ)
,
d~ζc(T )(τ)
dτ
=
d ~Jc(τ)
dτ
− ~ζc(T )(τ)× d
~Pc(τ)
dτ
. (4.53)
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Since our cluster contains only two particles, this pole-dipole description concentrated
on the world-line wµc (τ) is equivalent to the original description in terms of the canonical
variables ~ηi(τ), ~κi(τ) (all the higher multipoles are not independent quantities in this case).
Finally, in Ref.[12] there is an attempt to replace the description of the two body system as
an effective pole-dipole system with a description as an effective extended two-body system by
introducing two non-canonical relative variables ~ρc(E or T )(τ), ~πc(E or T )(τ) with the following
definitions
~η1
def
= ~ζc(E or T ) +
1
2
~ρc(E or T ), ~ζc(E or T ) =
1
2
(~η1 + ~η2),
~η2
def
= ~ζc(E or T ) − 1
2
~ρc(E or T ), ~ρc(E or T ) = ~η1 − ~η2,
~κ1
def
=
1
2
~Pc + ~πc(E or T ), ~Pc = ~κ1 + ~κ2,
~κ2
def
=
1
2
~Pc − ~πc(E or T ), ~πc(E or T ) = 1
2
(~κ1 − ~κ2),
~Jc = ~η1 × ~κ1 + ~η2 × ~κ2 = ~ζc(E or T ) × ~Pc + ~ρc(E or T ) × ~πc(E or T ),
⇒ ~Sc(E or T ) = ~ρc(E or T ) × ~πc(E or T ). (4.54)
Even if suggested by a canonical transformation, it is not a canonical transformation and it
only exists because we are working in an instant form of dynamics in which both ~Pc and
~Jc do not depend on the interactions. Note that we know everything about this new basis
except for the unit vector ~ρc(E or T )/|~ρc(E or T )| and the momentum ~πc(E or T ). The relevant
lacking information can be extracted from the symmetrized momentum dipole pruc + p
ur
c ,
which is a known effective quantity due to Eq.(4.40). However, strictly speaking, this type
of attempt fails, because pruc +p
ur
c does not depend only on the cluster properties but also on
the external electro-magnetic transverse vector potential at the particle positions, as shown
by Eq.(4.39). Consequently, the spin frame, or equivalently the 3 Euler angles associated
with the internal spin, depend upon the external fields.
D. The Multipoles of the Real Klein-Gordon Field.
In the rest-frame instant form we have the following expression [26] for the energy-
momentum of the real Klein-Gordon field
T µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ] = T µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][XAφ , P
A
φ ,H,K] =
=
1
2
uµ(ps)u
ν(ps)[π
2 + (~∂φ)2 +m2φ2](Ts, ~σ) +
+ ǫµr (u(ps))ǫ
ν
s(u(ps))[−
1
2
δrs[π
2 − (~∂φ)2 −m2φ2]+
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+ ∂rφ∂sφ](Ts, ~σ)−
− [uµ(ps)ǫνr (u(ps)) + uν(ps)ǫµr (u(ps))][π∂rφ](Ts, ~σ) =
=
[
ρ[φ, π]uµ(ps)u
ν(ps) + P[φ, π][ηµν − uµ(ps)uν(ps)] +
+ uµ(ps)q
ν [φ, π] + uν(ps)q
µ[φ, π] +
+ T rsan stress[φ, π]ǫ
µ
r (u(ps))ǫ
ν
s (u(ps))
]
(Ts, ~σ),
ρ[φ, π] =
1
2
[π2 + (~∂φ)2 +m2φ2],
P[φ, π] = 1
2
[π2 − 5
3
(~∂φ)2 −m2φ2],
qµ[φ, π] = −π∂rφǫµr (u(ps)),
T rsan stress[φ, π] = −[∂rφ∂sφ−
1
3
δrs(~∂φ)2],
δuvT
uv
an stress[φ, π] = 0,
T rsstress(Ts, ~σ)[φ] = ǫ
r
µ(u(ps))ǫ
s
ν(u(ps))T
µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ] =
= [∂rφ∂sφ](Ts, ~σ)− 1
2
δrs[π2 − (~∂φ)2 −m2φ2](Ts, ~σ),
P µT [φ] =
∫
d3σT µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ]uν(ps) =
= P τφu
µ(ps) + P
r
φǫ
µ
r (u(ps)) ≈ P τφuµ(ps) ≈ pµs ,
Mφ = P
µ
T [φ]uµ(ps) = P
τ
φ . (4.55)
The stress tensor T rsstress(Ts, ~σ)[φ] of the Klein-Gordon field on the Wigner hyper-planes
acquires a form reminiscent of the energy-momentum tensor of an ideal relativistic fluid as
seen from a local observer at rest (Eckart decomposition; see Ref.[27] ): i) the constant
normal uµ(ps) to the Wigner hyper-planes replaces the hydrodynamic velocity field of the
fluid; ii) ρ[φ, π](Ts, ~σ] is the energy density; iii) P[φ, π](Ts, ~σ) is the analogue of the pressure
(sum of the thermodynamical pressure and of the non-equilibrium bulk stress or viscous
pressure); iv) qµ[φ, π](Ts, ~σ) is the analogue of the heat flow; v) T
rs
an stress[φ, π](Ts, ~σ) is the
shear (or anisotropic) stress tensor.
Given the Hamiltonian version of the energy-momentum tensor, Eqs.(4.18) allow us to
find all Dixon multi-poles of the Klein-Gordon field [26], with respect to a natural center of
motion identified by the collective variable defined in Subsection IIIH. Finally, Eqs.(3.70),
conjoined with the assumption that we can interchange the sums with the integrals, allow
us to define another class of multi-poles [26] with respect to the centroid Xµs (τ), origin of
the 3-coordinates ~σ, in the gauge ~Xφ ≈ 0, which, when the fields have a compact support
in momentum space, form a closed algebra with a generalized Kronecker symbol, that could
be quantized instead of the Fourier coefficients.
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V. FINAL COMMENTS AND OPEN PROBLEMS.
In this article we have shown how the traditional Jacobi technique based on the clustering
of centers of mass for an N-body system, can be profitably replaced by a technique based
on the clustering of spins in order to develop a theory of the relativistic, rotational, and
multi-pole, kinematics for deformable systems. More generally, the relativistic extension is
also made possible by a systematic use of the so-called rest-frame instant form of relativistic
dynamics on Wigner hyper-planes, orthogonal to the conserved 4-momentum of the isolated
system. This is a form of dynamics characterized by a typical doubling of the Poincare´
canonical realizations into so-called external and internal realizations. In fact, this framework
appears to be the most natural theoretical background for the description of isolated systems
(particles, strings, fields, fluids) in special relativity.
The rest-frame instant form of the N-body problem has Newton mechanics in the center-
of-mass frame as non-relativistic limit. At the same time it is the special relativistic limit
of the rest-frame instant form of canonical metric and tetrad gravity [7], when the Newton
constant G is turned off. Both in relativistic and non-relativistic theories there is a SO(3)
left action on the (6N − 6)-dimensional phase space of the canonical relative variables with
respect to the 3-center of mass, generated by the non-Abelian Noether constants for the
angular momentum. Correspondingly, the notion of clustering of the spins of sub-clusters
do exist at both levels, while the Jacobi clustering of the sub-cluster 3-centers of mass is not
extendible to special relativity. Previously introduced concepts, like dynamical body frames
(replacing the standard notion of body frames valid for rigid systems), spin frames, and
canonical spin bases, proper of the Galilean group-theoretical and Hamiltonian description
of N-body or deformable systems, are likewise directly extended to special relativity. The
canonical spin frames and a finite number of dynamical body frames (SO(3) right actions on
the (6N −6)-dimensional phase space) can be introduced for every N with well defined non-
point canonical transformations (when the total angular momentum does not vanish). At
the non-relativistic level, our treatment generalizes the orientation-shape bundle approach
of Ref.[1].
The main results obtained can be summarized as follows: Our procedure leads to: i)
The relativistic separation of the center of mass of the isolated system and the characteri-
zation of all the relevant notions of external and internal 4- and 3- centers of mass. ii) The
construction of 6N − 6 canonical relative variables with respect to the internal canonical
3-center of mass for the N-body systems (unlike the non-relativistic case, they are defined
by a canonical transformation which is point in the momenta in absence of interactions and
becomes interaction-dependent when interactions are turned on). iii) The simplest construc-
tion of Dixon multi-poles of an isolated system with respect to a center of motion, naturally
identified with the internal canonical 3-center of mass. This provides, in particular, the only
way for introducing relativistic tensors of inertia.
Such results are intermediate steps in view of future developments. Actually, they furnish:
iv) The natural theoretical background for a future relativistic theory of orbits for a N-body
system, by taking into account the fact that in every instant form of relativistic dynamics,
action-at-a-distance potentials appear both in the Hamiltonian and in the Lorentz boosts.
v) A new definition of canonical relative variables with respect to the internal canonical
3-center of mass for every field configuration admitting a collective 4-vector conjugate to
the conserved field 4-momentum. vi) The analysis of the relevant notions of centers of
motion and associated Dixon multi-poles for an open sub-system of an isolated system, in a
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way which can be easily extended to general relativity. vii) The theoretical background for
a post-Minkowskian approximation of binary systems in general relativity. The relativistic
theory of orbits should provide the relativistic counterparts of the post-Keplerian parameters
used in the post-Newtonian approximation [56]. viii) The theoretical background for the
characterization of a relativistic rest-frame micro-canonical mean-field thermodynamics of
N-body systems with long range interactions (Coulomb or Darwin potentials [6]) as it has
already been done in Ref.[57] for non-relativistic self-gravitating and rotating systems. ix)
A theoretical background that could be extended to the weak-field general relativistic N-
body problem after a suitable regularization of self-energies. Actually, this framework has
already been extended to charged Klein-Gordon fields interacting with the electro-magnetic
field [26], Dirac fields [58] and relativistic perfect fluids [27]. Finally: x) Parametrized
Minkowski theories in non-inertial frames are prepared for a systematic study [9] of the
allowed conventions for clock synchronizations, the influence of relativistic inertial forces
and the time-delays (to order 1/c3) for the one-way propagation of light rays (for instance
between an Earth station and a satellite).
The extension of our new rotational kinematics to continuous systems like the Klein-
Gordon field, an extension which should be instrumental to atomic and molecular physics at
least at the classical level, is under investigation [52]. When applied to the electro-magnetic
field, these methods could lead to interesting results for the problem of phases [53] in optics
and laser physics. Also, relativistic perfect fluids have been studied in the rest-frame instant
form [50] and a future application of the new rotational kinematics might give new insights
for their description.
Let us conclude by noting the the non-point nature of the canonical transformations will
make the quantization more difficult than in the orientation-shape bundle approach, where
a separation of rotations from vibrations in the Schro¨dinger equation is reviewed in Ref.[1].
The quantizations of the original canonical relative variables and of the canonical spin bases
will give equivalent quantum theories only if the non-point canonical transformations could
be unitarily implementable. Up to now, these problems are completely unexplored.
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